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Abstract: In this paper k — th upper record values from modified Weibull distribution has been studied and some new recurrence
relations satisfied by single and product moments are derived. The results obtained are the generalization of those obtained by Sultan
[9] and Balakrishnan and Chan [2]. Further, conditional expectation and recurrence relation for single moments are used to
characterize the said distribution and some particular cases are also discussed.
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1. INTRODUCTION
Let {X,, n>1} be a sequence of independent and identically distributed (iid) random variables with distribution
function (df ) F(x) and probability density function (pdf) f(X). The j— th order statistic of a sample Xy, X,,..., X,
is denoted by X;, . For a fixed k>1 we define the sequence {Ur(,"), n>1} of k— th upper record times of
{X,,, n=1} as follows:
uk =1

&) — minfi (k) .
Upg =min{j>Ug" 1 X004 > XUr(,k):Ur(]k)+k—l}'

For k=1and n=12,..., we write u,§1> =U,. Then {U,,,n>1} is the sequence of record times of {X,,n>1}. The

sequence {Yn(k), n>1}, where Yn(k) = xuﬁk) is called the sequence of k —th upper record values of {X,,n>1}. For

convenience, we shall also take Yo(k) =0. Note that for k =1 we have Yn(l) = Xy,» n21, which are the record values
of {X,,,n>1} (Ahsanullah [1]).
Then the pdf of Y and the joint pdf of Y& and Y*) are as follows:

k" = nirE _
fy0 00 = S PO 109, nz1, )
k" =, ma T = =, n-m-lr= -
o 06 = e =S O™ 2 InF ) - F ™ F 01 1),

X<y, 1<m<n, nx>2, (1.2)
where, F(x)=1-F(x).
(Dziubdziela and Kopocinski [3], Grudzien [4]).

In this paper, we have established some simple recurrence relations for single and product moments of k —th upper
record values from modified Weibull distribution. Further, various deductions and particular cases are discussed and
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two theorems for characterizing this distribution based on recurrence relation for single moments and conditional
expectation of k —th upper record values are given.
A random variable X is said to have modified Weibull distribution (Lai et al. [7]) if its pdf is of the form

f(x) = a(B+ X)x" e exp(-a xPe®™), x>0, a>0, f=0and 1>0 (1.3)
with the corresponding df

F(x) =1-exp(-ax’e®), x>0, >0, #=0and 1>0. (1.4)
It is easily observe that

x f(X) = (B +AX)[-INF(X)]F(x). (1.5)

Type | extreme value or log gamma or log Weibull and Weibull distributions are considered as special cases of this
distribution when #=0 and A =0, respectively. The Rayleigh distribution arises when =2 and A=0. The

exponential distribution is obtained when g=1and 1=0.

The relation in (1.5) will be exploited to derive some simple recurrence relations for the moments of k —th upper
record values from the modified Weibull distribution and then used to characterize this distribution.

2. RELATIONS FOR SINGLE MOMENTS

Theorem 2.1. Fix a positive integer k>1,for n>1, n>k and j=01,...,
i_n i i NnA - -
E(Yy)’ =Tﬂ[E0Yn<Q)' ~ B0 T T TECRE) T B0 . (21)
Proof. For n>1 and j=0.1,..., we have from (1.1) and (1.5)

E(Y,{)) = ?—;{ﬂfxi-l[—m FOATF O+ [ X [-InF (" [F (9" dx}

=(Blja+41)), (2.2)
where
! =Eroxr[—lnlf(x)]”[lf(x)]kdx
" TIn'b '
Upon integrating by parts, we obtain
kn+1 .

I, =D jo X" [=InF ()]"[F (x)]* dx _—(rrll()nrn j:’x”l[-ln F (01" [F ()1 Fdx

n
=m[Em<ff)”l—Emf”)”1].

Substituting for |; and I;_, in (2.2) and simplifying the resulting expression, we derive the relation given in (2.1).

Remark 2.1.
i) Setting =0 in (2.1), we get the result for single moments of k —th upper record values obtained by Selim and
Salem [8] for type | extreme value distribution or log gamma or log Weibull distribution.

ii) Putting 21 =0 in (2.1), we deduce the recurrence relation for single moments of k —th upper record values for
Weibull distribution in the form

Kyi _[J+Nns Ky i
E(v.{))] =£TJE(Y,]( N,
iii) Putting A=0 and B =1 in (2.1), the recurrence relation for single moments of k —th upper record values from
exponential distribution can be obtained as

E(Yy)’ =(’ jE(Yn(”)'.
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iv) Setting 4 =0 and B =2 in (2.1), we obtain a recurrence relation for single moments of k —th upper record values
for Rayleigh distribution in the form

E(v)) = (”2”) (V)1

Corollary 2.1. The recurrence relation for single moments of upper record values from the modified Weibull
distribution has the form

ex))="2 HECK,,)- E(an>}+j"—fl{5<xdil> E(XS™}, 23)

The above relatlon was also shown by Sultan [9].

Remark 2.2.
i) Setting S =0 in (2.3), we get the recurrence relation for single moments of upper record values from type | extreme

value distribution as obtained by Selim and Salem [8].

ii) If A=0 in (2.3), the result for single moments of upper record values obtained by Balakrishnan and Chan [2] for
Weibull distribution is deduced.

iii) If A=0 and B =1 in (2.3), the result for single moments of upper record values is deduced for exponential

distribution, which verify the result obtained by Balakrishnan and Chan [2].
iv) If A=0and =2 in (2.3), the result for single moments of upper record values is deduced for Rayleigh

distribution as obtained by Balakrishnan and Chan [2].

3. RELATIONS FOR PRODUCT MOMENTS

Theorem 3.1. For m>1, m>k and i,j=01,...,

m-+1 m+1

ELY. ) (Y, (“)J’1=@{E(Y )T —EL(Y, 8 (v, )] ]}+ {E(Ynﬁ?l R = (VAR RSl (AN EY | S B )
and for 1<m<n-2, i,j=01,...,
E[(Ynﬁ”)‘m(k))j]=@{E[(Ynﬁii)‘wé”)j]—E[(Ynﬁ”)‘cvé”)i]}

+ ZTLERY D 00) T B ) T (3.2)
Proof. From (1.2), for L1<m<n-1and i, j=01,..., we have
Wiy Onipe KT e =k
E[(Yn")'(Ya") ]_F(m)F(n—m)-L Y IFWI f(y) 1 (y)dy, (3.3)

where
1) = [ XTI F ™ nF () - InF ()™ fi*;
Integrating 1(y) by parts and using (1.5), we obtain
()= ZOS 2 P InF I InF () - F I £ S
B P X F ™ I F () - InF ()1 ”“EEX; X
LAN-M=D) g amn = ~n-m2 T (X)
1 I [=InF QI InF (X) = InF (y)] mdx

_Am jy M- InF (0I™ INF (x) - InF(y)]™ ”HEEX; X
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Substituting this expression into (3.3) and simplifying, it leads to (3.2). Proceeding in a similar manner for the case
n=m-+1, the recurrence relation given in (3.1) can easily be established.

For j =0, the result for product moments in (3.2) reduces to the relation for single moments as given in (2.1).

Remark 3.1.

i) Setting B =0 in (3.2), the relation for the product moments in Selim and Salem [8] for k —th upper record values
from the type | extreme value distribution is deduced.

ii) Putting 2 =0 in (3.2), we obtain the recurrence relation for the product moments of k —th upper record values for
Weibull distribution in the form

EL(Y) (7)1 =@{E[<Yrﬁib‘mk>)i]— EL(YS0) (V)13

iii) Setting A =0 and B =1 in (3.2), we get the recurrence relation for the product moments of k —th upper record
values from exponential distribution has the form

ELCYS0) (v ) 1] =${E[(Ynﬂi’1)‘(vn‘k>)l']— ELCYS0) (v ) i1y

iv) Setting A=0 and =2 in (3.2), the result for product moments of k —th upper record values is deduced for
Rayleigh distribution as

EL(Y) (v, ) 1] =ZT'“{E[(Yn2?1)im(k’)"]— EL(Y) (v )13

Corollary 3.1. The recurrence relation for the product moments of upper record values from the modified Weibull
distribution has the form
E(X x/ )—@{E(xi X ) —E(X X))} +/1—m{E(Xi+1 X )—EXSEX) 3 (3.4)
Um Un/ 7 Um+ " Up Um “Up i1 Um+1 M Up Um Mup /s - :

A similar result was obtained by Sultan [9].

Remark 3.2.

i) Setting £ =0 in (3.4), the result for the product moments of upper record values is deduced for type | extreme value
distribution, established by Selim and Salem [8].

ii) If =0 in (3.4), the result for the product moments of upper record values as obtained by Balakrishnan and Chan
[2] for Weibull distribution is deduced.

iii) If A=0 and B=1 in (3.4), the result for the product moments of upper record values is deduced for exponential
distribution, which verify the result obtained by Balakrishnan and Chan [2].

iv) If A=0 and =2 in (3.4), the result for the product moments of upper record values is deduced for Rayleigh
distribution as obtained by Balakrishnan and Chan [2].

4. CHARACTERIZATIONS

Theorem 4.1. For a positive integer k >1 and j be a non-negative integer, a necessary and sufficient condition for a
random variable X to be distributed with pdf given by (1.3) is that
. n . . ni . .
E(ry) =Tﬁ[E(Yn&k£)J ~EORO) T B () B (4.1
for n=12,..., n>k.
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Proof. The necessary part follows from (2.1). On the other hand if the recurrence relation in (4.1) is satisfied, then on
rearranging the terms in (4.1) and using (1.1), we have

kn o _ nle= ~ ﬂkl’Hl I _ nle= ~ _ n
ﬁjo I [=InF (x)]"[F ()] 1f(x)dx=jTJ0 xJ[=InF (x)]"[F ()] 1f(x){—|n F(x)—E}dx

AKME e j+1 = N1 S roy1k-1 = n
+mj0 X [=InF (X)]"[F (X)] f(x){—ln F(x)—E}dx. (4.2)
Let
h(x) = —%[—ln FOOI"IF (01« (4.3)

Differentiating both the sides of (4.3), we get
h'(x) =[-InF Q)1 [F ()] f (x){— InF(x)— E} ,
Thus

ﬁ kn+l ) kn+1
jIn (j+DTn -f
Integrating right hand side in (4.4) by parts and using the value of h(x) from (4.3), we find that

X (x)dx . (4.4)

00 J ,
'[0 x h'(x)dx + X

K™ 0 i o B o111 E o1k
ﬁjo X [=InF ()] [F (01 £ (x)dx =

n
k—_[wxj[—ln ﬁ(x)]“[ﬁ(x)]“{ f(x) —[ﬁ + ﬂj[—ln F(x)] If(x)}dx =0. (4.5)
I'nJo X
Applying now a generalization of the Miintz-Szasz Theorem (see for example Hwang and Lin [6]) to (4.5), we have
x f(X) = (B + AX)[-InF (X)]F (x)
which proves that
F(x) =1-exp(-ax’e®™), x>0, >0, f>0and 1>0.

Theorem 4.2. Let X be a non-negative random variable having an absolutely continuous df F(x) with F(0)=0 and
0<F(x)<1forall x>0,then

n-1
EL£(Y, ) | (Y, ) = X] = exp(—a xﬂe’b‘)[%) . l=m,m+1, m>k (4.6)
+
if and only if
F(x) =exp(-ax’e™), x>0, a>0, f>0and A>0,
where

&(y) = exp(-ar ye™).
Proof. We have from (1.2) and (1.1)

@j“wdy. )

B[S (V) =x] = h [“exp(-ay’e)InF (0 -In E(y)]"'“( Fo) Eo

F(y) _exp(-ay”e”)

By setting u=—=-—"== from (1.4) in (4.7), we get
y g FO0 ~ exploax’e™) (1.4)in (4.7), we g
k" 1
Vv Y w1 K e By [H K (g -m-L

B[S ) [ (Ve ) =Xx]= r(n—m)eXp( ax’e )fou (=Inu)™"du.. (4.8)
We have Gradshteyn and Ryzhik [5] pp. 551

[ teto="2 50, v>o0. (4.9)

0 U'u

On using (4.9) in (4.8), we can obtain the result given in (4.6).
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To prove sufficient part, we have

k n—-m

o |, exp(a y eI F ()~ InF(y)I" ™ E (1 () = [FOO1 G (9, (4.10)
(n—m) Jx

where

K O\
= —_ ﬂ AX .
9nm (x) = exp(-a x”e )(k +1j

Differentiating (4.10) both the sides with respectto x, we get

B K"™ £ (x) 0 i = me2
'E(X)F(n—m—l)-[x exp(-ay"e™)InF () ~InF(y)]

XIFOI £ ()Y = Giym OILF (AT =k Gy COLF O™ (0

or
—K Gpme COLF OO1 £ (%) = Gy COLF (0T = K Gy COLF (147 £ (x) .

Therefore,
FO) _ Inm (X) P (B4 2 4.11
FO) ~ KGmma (- ggm0a] ¢ & A0, @10

where

I () = —ae™ X7 (B + Ax)exp(-ar xﬂe’lx)(L)
k+1

1 K n-m
gn|m+1(x) - gn\m (X) = EeXp(—a xﬁelx)(mJ )

Integrating both sides of (4.11) with respect to x between (0, y), the sufficiency part is proved.

Remark 4.1. Theorems 4.1, 4.2 can be used to characterize the type | extreme value, Weibull, exponential and Rayleigh
distributions by setting parameters.
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