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ABSTRACT:

The basic goal of this work is to obtain the conditions of existence and uniqueness of the solution
of the integral equations of the second kind. Noting that, except the Banach's theorem where the
norm of the integral operator must be less than unity, the existence and uniqueness of the
solution of the integral equations of the second kind remain an open question
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INTRODUCTION

We try to look for the existence and the uniqueness of the solution of the Fredholm integral
equation of the second kind on the contour L

o (ty) = | k(,0,)p@)de = [ (1,), (1)

where L is a closed curve in the complex plane, does not intersect itself and is given by an
equation

t=14s), a< s< b,
with the function t(s) is continuously differentiable and its derivative is everywhere different
from zero.
Noting that, in the applications of these equations to different problems,

the following relations are known to play a basic part
e The homogeneous equation

o (ty) = | k (t,0,)p (1)dt = 0, (2)

has only a finite number of linearly independent solutions.

e The adjoint homogeneous equation
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*
v (ty) = [ k(g 0y (1)di =0, (3)

have the same number of linearly independent solutions [ Nadir, Lakehali 2006; Nadir 2004;
Okecha 1986].

e The non-homogeneous equations (1) is solvable for any second member f if and only if
the adjoint homogeneous equation (3) or the equation homogeneous (2) has non solution
different from zero [Atkinson, (1967); Yucheng Liu, 2009; Akyiiz-Dascioglu A. and
Cerdik Y. H. (2006); Baboliana et al (2008); Hadizadeh et al (2005)].

e The solvability of the non-homogeneous equation (1) is given by the necessary and
sufficient conditions

[ 7w yde = o, (4)

where the functions k(t) form a complete system of linearly independent solutions of the adjoint
homogeneous solutions (3) (Muskhelishvili, 1968).

Lemmel (Hadizadeh et al 2005).
The integral operator S defined by

_ L 2 )
Sw(r(,)—mj”_todr, (5)

is bounded in all Holder spaces C * (L), 0 < a <1 ; whenever the function ¢(t) satisfies the
Holder condition on the curve L:

9 (1) =@t ) IS M [t —1,]1",0<a 1. (6)

Let a(t) be a function in C % (L): Then the commentator

(a5 —Sayp = ——] )W), 1y, (7)
T L t —t,

is compact from C * (L) into C * (L)

a(t) — a(t)
In fact, since the function a(t) (] C o (L), then the kernel -0

has a weak singularity and defines a compact integral operator in all spaces C * (L)

COROLLARY

The property of the compactness is enjoyed by the more general operator
t,t,) — t,t
t —t,
if the functions p(z,; 10) and g(¢; 10) are of Holder class in both variables.
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In particular the commutator operator
(aT- Ta)p,

where the operator 7 is given by

D) a

o) = L[

is also compact from C « (L) into C o (L)
MAIN RESULTS:

THEOREM

let k(t; 10) be a function in C * (L) satisfies the Holder condition for both variables, then the
equation (1)

o(0) = | Kew)p(ndi= An).

admits a unique solution in the space C % (L) for all second member f(t) in C * (L)
PROOF

It is clear to see that, the compact operator integral
Ap(6) = |kt 1)p(ddt

has the commutator operator representation

[a, Tlp = (aT— Ta)o,

with the function a(s) = s for all s [] L:

Also, it is known that, the unit element Ip(¢) = ¢(¢) of a Banach algebra C ¢ (L) is not a
commutator
AB - BA;
of two elements 4 and B in C % (L)
Indeed, if
I1=AB - BA;
then the spectrum relation gives
sp(AB) =1+ sp(BA);,
which is not consistent with the following one
sp(AB) u {0} =sp(BA) v {0}
Therefore,
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| Kew)pndi+ p(n), forall o e C'(D).

So, the homogeneous equation has only the trivial solution in C * (L) and the result can be
obtained.
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