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Abstract In the present work, the non-inverted (isothermal) type equations of state (EOS) which
are based on interionic potential such as Vinet-Rydberg EOS, Shanker EOS, Bardeen EOS as well
as Kumar isothermal EOS are used to study the variation of relative compression volumes in range
1-0.5 and the isothermal bulk modulus with high pressure at temperature 7 = 300 K for four alkali
halides (NaF, NaCl, NaBr and Nal).

The results for relative compression volume obtained from the four EOS have been compared
with experimental data which indicated that up to 15 GPa they are in good agreement. But beyond
this, the results which have been obtained from the Vinet-Rydberg EOS Shanker EOS and Bardeen
EOS as well as from the experimental data showed that they are also in good agreement in the wide
range of high pressure. While results obtained from Kumar isothermal EOS showed that beyond
15 GPa they deviated from the other EOS. Moreover the results of isothermal compressibility have
shown that at the value 0.5, the calculated high pressures are equal to (170, 90, 78 and 60) GPa for
NaF, NaCl, NaBr and Nal respectively.

The results for the isothermal bulk modulus (K7) have been compared with four EOS and showed
that the bulk modulus increases continuously with increase in pressure. The results indicated that up
to 1 GPa are found to be in good convergence, but beyond this range, the results do diverge from
each other for the four EOS.

Finally, the variations of non-isothermal compression (inverted) and non-isothermal bulk mod-
ulus with high pressure have been investigated by using a non-isothermal Kumar EOS (Kumar
General EOS).

© 2013 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

The understanding of the ionic solids at nonambient condi-
tions is an integral part of the work of material scientists,
solid state physicists, chemists, and solid earth geoscientists
that are routinely confronted with problems involving ionic

ELSEVIER Production and hosting by Elsevier

solids at high pressure and high temperature (Anderson, 1995).
The EOS play a central role in the study of the material.
These equations describe the relationships between the

1815-3852 © 2013 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.
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pressure, temperature and volume (Kushwah et al., 2007) and
(Kushwah and Bhardwaj, 2009). Using the EOS, some impor-
tant properties such as compressibility of solid can be calcu-
lated. In addition, the EOS enable one to determine the
depth dependence of important thermoelastic parameters, such
as thermal expansivity and temperature sensitivity of bulk
modulus.

The theoretical attempt for obtaining EOS may be divided
mainly into two categories (Anderson, 1995) (i) interionic po-
tential based model (ii) interionic potential independent mod-
els. However, it has been observed that the methods based
on the theory of interionic potential are difficult to deal with
(Singh et al., 1991) and not even be possible to realize in some
complicated solids like minerals. On the other hand the second
one is free from these difficulties. A theoretical study based on
potential model was performed by Sun (Sun, 2007). He ob-
tained bulk modulus results that are in good agreement with
the Vinet-Rydberg EOS. A potential independent model was
developed by Sharma (Sharma et al., 2010) for Cgq solid under
varying conditions of pressure and temperature.

The aim of this work is to study some thermodynamical
properties of some alkali halides (NaF, NaCl, NaBr and
Nal) under high pressure using the non-inverted (isothermal)
equation of state based on interionic potential such as Vinet—
Rydberg EOS, Shanker EOS, Bardeen and Kumar EOS. In or-
der to achieve this study, the theoretical calculation for com-
pressibility and bulk modulus must be done at different high
pressures and at 300 K. The calculation results will be com-
pared with experimental data obtained from Sorensen (Soren-
sen, 1983). Moreover, the variation of compressibility and bulk
modulus versus pressure at different temperatures will be
investigated using the inverted (non-isothermal) Kumar Gen-
eral EOS for alkali halides.

2. Theory

2.1. Preamble

The pressure—volume (P-V) relationship for a solid at a given
temperature can be expressed as non-inverted type as given in
Eq. (1), or as inverted type as given in Eq. (2) (Digpratap et al.,
2007)

P:f‘(i7K071(z)7Kg) (1)
Vo

== (P Ko, K. K) @
0

where ¥, is the volume at pressure P = 0. Ky, Kj and Kj are
the values of bulk modulus, first pressure derivatives and sec-
ond pressure derivatives respectively, all at P = 0.
Equation of state for inverted and non-inverted types for
solids is derived from the relation (Tosi, 1964):
dE
P=—— 3
% (3)
where E is the interionic potential energy and V is the volume
The bulk modulus (K7) for inverted and non-inverted types
can be derived from the following equation:
dp

2.2. Non-Inverted Type EOS

During the last years, many researchers have used Birch-
Murnghan EOS as the non-inverted type (isothermal) in the
field of solid state physics and geophysics ((Digpratap et al.,
2007). This EOS is based on the Eulerien finite strain theory
(Birch, 1952). But recent studies (Hama and Suito, 1996), (Poi-
rier and Tarantola, 1998), (Shanker et al., 1999) and (Sushil
et al., 2004) reveal that Birch-Murnghan EOS does not de-
scribe adequately the compression of the solid at high pres-
sures. However, the following EOS have been found to be
the best way to describe adequately the compression of solids
at high pressure.

2.2.1. Vinet—Rydberg (V-R) EOS

One of the most successful isothermal EOS is that proposed by
Vinet et al. (Vinet et al., 1986) and (Vinet et al., 1986) which is
valid for all classes of solids in compression and in the absence
of phase transition. The basis of this EOS is a universal rela-
tion for the binding energy in terms of the interionic distance.
In the derivation of this EOS contribution of the thermal pres-
sure is neglected, and the volume derivative of the binding en-
ergy is used to approximate the internal energy.

The Vinet EOS based on the Rydberg potential function
has been widely used in spite of its main shortcoming regard-
ing the extreme compression behavior of solids. Vinet—Ryd-
berg have obtained an EOS which is based on the Rydberg
potential energy E(r) expressed as a function of the interionic
distance (r) (Rydberg,1932).

E(r) = E)[1 —b(l —2) epr(l —2) (s)

where a and b are the potential parameters.
The (V-R) EOS is written as (Vinet et al., 1989):

P =3Kox (1 = x')exp[p(l — x'?)] (6)

where x = V/V, and =3 (K, — 1)
The isothermal bulk modulus can be written as:

Kr = Kox P14+ {nx' + 131 = x'P)Jexp[y(1 = x'7)] - (7)

2.2.2. Shanker EOS

Owing to the fact that the pressure and the isothermal bulk
modulus may be expressed as a function of the lattice potential
energy, and also the derivatives of potential energy with re-
spect to volume may be expressed in terms of the derivatives
of (E) with respect to the interionic distance (r), Shanker
(Shanker et al., 1997) and (Shanker et al., 1999) introduced a
force constant (F) in terms of Laplacian operator (Born and
Huang, 1954), and he found that F may be expressed as a func-
tion of volume mentioned in references Shanker (Shanker
et al., 1997) and (Shanker et al., 1999) then with some mathe-
matical manipulation he obtained a result known as Shanker
EOS.

Shanker et al. have obtained an EOS using the volume
dependence of the short-range force constant for interionic
potentials. The short range force constant (F) is defined as
follows:

1 (PE 2dE
Fﬁ(ﬁ*?ﬁ) ®)
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Table 1 Values of input parameters used in the present work. 2.2.3. Bardeen EOS ]
NaF NaCl NaBr Nal The Bardeen equation of state is derived from the potential
function E(r) (Bardeen, 1938):
K(GPa) 46.5 24.0 19.9 15.1
0 5.28 5.39 5.49 5.59 ) a b ¢ 1
20 x 10-4(K-1) 0.96 1.19 1.26 137 E)=5+5-0 (11)
or, 5.77 5.85 6.23 6.43

The expression based on the Shanker EOS is given below
(Shanker et al., 1997 and (Shanker et al.,1999).

where a, b and ¢ are constants.
The Bardeen EOS is written as (Butler and Anderson,
1978):

P =3K)[x7 — x¥3] {1 —0—%([([) = 3)(xV — 1)} (12)

X3 1 2 2
P=K, ; {(l'i‘;‘f'l—z){eXP(U’) - 1}+Y(1 +y—7) CXP(W)] where x = V/V,
) The isothermal bulk modulus (K7) has been derived by
(author), using Eq. (4).
where x = V/Vo,t = Ky —3and y = 1-(V/V,). _s 4 3
The isothermal bulk modulus can be written as: Kr=— <Tx75/3 + §X74/3) (1 + 5 (Ky—3)(x '/ - 1))
4
_ -1/3 2 a _ 433 _
Kr = Kyx (1+y+y)exp(ly)+3P (10) FKo(x P — x 4/3)§(K2)73)x 1/3
where x = V/Vo,t = Ky —3and y = 1-(V/V,). (13)
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Figure 1 Comparison between the calculated isothermal compression curve at 7' = 300 K using four EOS with experimental data: (a)

NaF (b) NaCl (c) NaBr (d) Nal.
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2.3. Inverted Type EOS

There have been various attempts to propose inverted type
EOS (non-isothermal) as reviewed by Freund and Ingalls (Fre-
und and Ingalls, 1989). These EOS are based on different phys-
ical properties such as Kumari and Dass (Kumari and Dass,
1990), Kumar (Kumar, 1995), Bose-Roy and Bose-Roy,
(Roy et al., 1999) and (Bose Roy and Bose Roy, 2004). How-
ever, the following EOS have been found to be the best way to
describe the compression of solids at high pressure and
temperature.

2.3.1. Kumar General EOS

Kumar (Kumar, 1995) and (Kumar, 1996) have obtained an
inverted type EOS (non-isothermal) containing a term of
temperature and in consequence valid for room temperature
up to melting temperature, and at the pressure varying
from atmospheric pressure up to the structural transition
pressure.

Kumar General EOS is given below:

v 1 A

(14)
Yo

x 10
4
35
3}
©
L 25
—
N4
3
s 27
O
(e}
=
x 15
3
]
1
—+— Shanker EOS
—&— (V-R) EOS
0.5 —<&— Bardeen EOS ||
—©— Kumar EOS
L L L L T T T
0
0 1 2 3 4 5 6 7 8 9 10
Pressure P(Pa) X 10 10
-b-
X 1(}1
25
2 B
©
S
~ 15 i
N4
(2}
=]
=1
©°
o
= 1 4
=
=3
@
05 | —— Shanker EOS (]
—#%— (V-R) EOS
—<&— Bardeen EOS
—©— Kumar EOS
0 L L L T T

0 1 2 3 4 5 6 7
Pressure P(Pa) 10

-d-

Isothermal bulk modulus versus pressure at 7 = 300 K using four isothermal EOS: (a) NaF (b) NaCl (c) NaBr (d) Nal.

Or

P:%{epr(l 71) - 1} + aoKo(T — Tp) (15)

Yo
where A = (67 + 1), 7 is the Anderson—Gruneisen parame-
ter, oy the coefficient of volume thermal expansion at room
temperature (7,) and J7 is given below (Singh and
Kumar,2004):

(TN
5T:0T0(?0> %KZ)

07, is the value of Anderson—Gruneisen parameter at 7, and s is
a dimensionless thermoelastic parameter whose value is about
(1.4-1.5), as given by (Anderson et al., 1992), (Anderson and
Isaak, 1993) for some alkali halides (from room temperature
to melting temperature). In the present study we take s = 1.5.

(16)

2.3.1.1. Special Case. By assuming the temperature
T =T, = 300K, Eq. (14) is reduced to the following form:

v 1 A
—=1—=h|l+—P 17
Vo A n|: +Ko :| ( )

or
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Figure 3  Non-isothermal curve at different temperatures using Kumar EOS: (a) NaF (b) NaCl (c) NaBr (d) Nal.

P:%{exp/l(l—%)—l] (18)

Eq. (18) is the relation of (;-) and (P) at constant temperature
and therefore is called the isothermal equation of state.

The inverted type (non-isothermal) bulk modulus derived
from Kumar General EOS Eq. (14) and from Eq. (4) is men-

tioned below:
1 AP AP

(19)
The isothermal bulk modulus derived from special Kumar
General EOS Eq. (18) is given below:

Kr = Ko L—Voexp{A(l —V—VO) H (20)

3. Results and discussion

3.1. Isothermal Compression

The pressures have been calculated at different relative isother-
mal compression volumes ranging from 1 to 0.5 at 7 = 300 K

for solid alkali halides (NaF, NaCl, NaBr and Nal) using (V-
R) EOS, Shanker EOS, Bardeen EOS and Kumar isothermal
EOS, Egs. (12,6,9,18) respectively. The input parameters are
listed in Table 1, where the values of K, and K], are taken form
(Roberts and Smith, 1970), o, is obtained from (Dhoble and
Verma,1986) and d7, from (Shanker and Singh, 1981). The re-
sults are shown in Fig. 1 and compared with experimental data
obtained from (Sorensen, 1983).

From this figure one can see that the relative compression
volume decreases continually with the increase in pressure. It
is found that the results obtained from (V-R) EOS, Shanker
EOS and Bardeen EOS are similar to each other and coincide
with experimental data for four alkali halides. Although, the
approach of the three equations is different, it indicates the
validity of these models at low and high pressures. One can
see from this figure that the values of applied high pressure
for NaCl, NaBr, NaF and Nal at the compressibility (0.5)
are equal to (90, 78, 170 and 60) GPa respectively. This is
due to the pressure dependence on the bulk modulus (K,)
which has a lower value for Nal and a higher value for NaF.
However, Kumar isothermal EOS results for four alkali halide
solids at the compression range (1-0.75) are quit coincident
with three EOS and experimental data. But at a range
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Figure 4 Non-isothermal bulk modulus versus pressure at different temperatures using Kumar EOS: (a) NaF (b) NaCl (c) NaBr (d) Nal.

(0.75-0.5), the results deviated from the other results. This
indicates that Kumar EOS is not based on the interionic
potential.

3.2. Isothermal bulk modulus

The isothermal bulk modulus (K7) has been calculated at dif-
ferent relative compression volumes from 1 to 0.5 for four al-
kali halides using Egs. (7,10,13,20). The input parameter
values used are listed in Table 1.

Fig. 2 shows the isothermal bulk modulus (K7) versus pres-
sure (P) for (V-R) EOS, Shanker EOS, Bardeen EOS and Ku-
mar isothermal EOS at T = 300 k. This figure exhibits that
the isothermal bulk modulus (K7) increases continuously with
increase in pressure. In Fig. 2 one can see that, at low pressure
the equations mentioned above coincide with each other. At
high pressure, Fig. 2a shows that all equations diverge from each
other. Butin Fig. 2b and d, Shanker EOS and Kumar EOS coin-
cide with each other, Fig. 2a shows that (V-R) EOS, Shanker
EOS and Kumar EOS are converge to each other but Bardeen

EOS diverge from them. Fig. 2b,c and d, show that at the pres-
sure range (1-3GPa), the (V-R) EOS, Shanker EOS and Kumar
EOS converge with each other, while Bardeen EOS diverge from
those equations. At pressure range above 3GPa we shows four
equations diverge to each other’s.

3.3. Non-Isothermal Compression

The pressure has been calculated at different relative non-iso-
thermal compression volume ranges (1-0.5) at different tem-
peratures from 7' = 300 to temperature close to the melting
temperature for solid alkali halides (NaF, NaCl, NaBr and
Nal) using the Kumar General EOS Eq. (14). The input
parameters are listed in Table 1. The relationships between
compression and pressure (P) at different temperatures are
plotted in Fig. 3. It has been seen from this figure that the com-
pression (V/V,) decreases with increasing pressure at a given
temperature. However, the compression curve for all alkali ha-
lides increases as the temperature increases. This can be attrib-
uted to the volume expansion.
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3.4. Non-Isothermal bulk modulus

The non-isothermal bulk modulus (K7) has been worked out at
different relative compression volumes (1-0.5) at different tem-
peratures from 7" = 300 K to temperature close to the melting
temperature for alkali halides (NaCl, NaBr, NaF and Nal)
using the Kumar General EOS (Eq. (19)). The input parame-
ters values used are listed in Table 1. The relationships between
bulk modulus (K7) and pressure (P) at different temperatures
are plotted in Fig. 4.

In Fig. 4, it is clear that the bulk modulus (K7) increases
with pressure dramatically at a given temperature. (K7) in-
creases with (7)) at a given pressure. When increasing the tem-
perature the volume of solid increases and hence increases the
bulk modulus. This increase is due to a coefficient of Anderson
Gruneisen parameter, that contains the formula (T/T,)* where
its value increases with increasing the temperature.

4. Conclusions

In the present paper, the non-inverted (isothermal) type
equations of state (EOS) which are based on interionic po-
tential such as Vinet-Rydberg EOS, Shanker EOS, Bardeen
EOS as well as Kumar isothermal EOS are used to study
the variation of relative compression volumes in range (1—
0.5) and the isothermal bulk modulus with high pressure
at temperature T= 300 K for four alkali halides (NaF,
NaCl, NaBr and Nal).

In this work, we have found that the relative compression
volume obtained from the four EOS give a good agreement
with experimental data up to 15 GPa. But beyond this
point, the compression results stay in coincidence for the Vi-
net—Rydberg EOS, Shanker EOS and Bardeen EOS, while
the results obtained from the Kumar isotherm EOS deviated
from others EOS and from experimental data. Moreover, at
the isothermal compression value 0.5, the calculated pres-
sures for NaF, NaCl, NaBr and Nal were found to be 17,
90, 78 and 60 GPa respectively. Moreover, at the isothermal
compression value 0.5, the calculated pressures for NaF,
NaCl, NaBr and Nal were found to be 17, 90, 78 and
60 GPa respectively.

The results of isothermal bulk modulus for four EOS were
found to be superimposed on each other at pressure from (0—
1GPa). But beyond this value, the results of Vinet-Rydberg
EOS and Shanker EOS are rather in good convergence. But
the results of Bardeen EOS and Kumar EOS do diverge largely
to other results.

However, the result of non-isothermal volume compression
by using Kumar General EOS had shown that the compression
curve for NaCl, NaBr, NaF and Nal increases as the temper-
ature increases. This behavior also applied to the non-isother-
mal bulk modulus.
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