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In this paper, we practiced relatively new, analytical method known as the variational
homotopy perturbation method for solving Klein—-Gordon and sine-Gordon equations. To present
the present method’s effectiveness many examples are given. In this study, we compare numerical
results with the exact solutions, the Adomian decomposition method (ADM), the variational iter-
ation method (VIM), homotopy perturbation method (HPM), modified Adomian decomposition

method (MADM), and differential transform method (DTM). The results reveal that the VHPM

is very effective.

© 2015 University of Bahrain. Publishing services by Elsevier B.V. This is an open access article under the

CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Differential equations can model many physics and engineer-
ing problems especially the nonlinear differential equations,
but to reach exact solutions is not an easy way. Therefore ana-
lytical methods have been used to find approximate solutions.
In recent years, many analytical methods such as Variational
iteration method (He, 1999b; Muhammad and Syed, 2008;
Zayed and Abdel Rahman, 2010b), and modified variational
iteration method (Zayed and Abdel Rahman, 2009, 2010a)
and variational homotopy perturbation method (Fadhil
et al., 2015; Matinfar et al., 2010; Matinfar and Ghasemi,
2010) have been utilized to solve lincar and nonlinear
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equations. The Klein—-Gordon and sine-Gordon equations
are a two non-linear hyperbolic partial differential equations,
which are model problems in classical and quantum mechan-
ics, solitons, and condensed matter physics.

Let us consider the Klein—-Gordon and sine-Gordon equa-
tion, respectively,

un_”xx‘f'blu{'G(u) :f(x, l), (])
and
Uy — Uxx + ocsin(u) :f(x7 t), (2)

subject to initial conditions
u(x,0) =fx),  wu(x,0) = g(x). 3)

where u is a function of x and ¢, G is a nonlinear function, fis a
known analytic function, and b;, « are constants.

In recent years, there has appeared an ever increasing
interest of scientist and engineers in analytical techniques for
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studying Klein—-Gordon and sine-Gordon equations. The
Klein—Gordon equation was solved by many analytical meth-
ods such as variational iteration method (Elcin, 2008; Semary
and Hassan, 2015) differential transform method (Ravi Kanth
and Aruna, 2009), the decomposition method (El-Sayed,
2003), homotopy perturbation method (Chowdhury and
Hashim, 2009), new homotopy perturbation method (Biazar
and Mostafa, 2014), Local fractional series expansion method
(Yang et al., 2014), and the tanh and the sine-cosine methods
(Wazwaz, 2005). Also, the sine-Gordon equation has been
solved analytically by modified decomposition method
(Kaya, 2003), variational iteration method (Batiha, 2007;
Abbasbandy, 2007), and differential transform method
(Biazar and Mohammadi, 2010). Recently many authors stud-
ied Klein/sine-Gordon equations (see Fukang et al., 2015;
Chen et al., 2014; Dehghan et al., 2015).

The goal of the this paper is to solve Klein—-Gordon and
sine-Gordon equations by applying another powerful analyti-
cal method, called the variational homotopy perturbation
method (VHPM), the method is a coupling of homotopy per-
turbation method (He, 1999a) and variational iteration
method (He, 1999b). VHPM was first envisioned by Muham-
mad and Syed (see Muhammad and Syed, 2008). VHPM used
to solve many equations such as Higher Dimensional Initial
Boundary Value Problems (Muhammad and Syed, 2008),
Benjamin-Bona-Mahony (Fadhil et al., 2015), Zakharove-
Kuznetsov equations (Matinfar and Ghasemi, 2010), Fishers
equation (Matinfar et al., 2010), the fractional equations
(Guo and Mei, 2011), and fractional diffusion equation (Guo
et al., 2013).

2. Variational Homotopy perturbation Method (VHPM)

To clarify the basic ideas of VHPM, we consider the following
differential equation

Lu+ Nu = g(x,1). 4)

where L is a linear operator defined by L = %, meN, Nisa
nonlinear operator and g(x, ) is a known analytic function.
According to VIM, we can write down a correction functional

as follows:
Up+1 ()C, l) = un(x7 t)

+ /0 A(Lu,(x,7) + Nit,(x,7) — g(x,7)) dr. (5)

where /1 is a Lagrange multiplier, which can be identified opti-
mally via a variational iteration method. The subscripts n
denote the th approximation, # is considered as a restricted
variation. That is, dzi = 0;. Now, we apply the homotopy per-
turbation method,

)

Zp” uy(x, 1) = up(x, 1)

n=0

+p ./Ot 2 (iﬁ*’Lun(m 7) + Ni,nﬁ,,(x, 7) — g(x, r)) dr. (6)

n=0 n=0

As we see, the procedure is formulated by the coupling of vari-
ational iteration method and homotopy perturbation method. A
comparison of like powers of p gives solutions of various orders.

3. Applications

To illustrate the effectiveness of the present method, several
test examples are considered in this section.

3.1. Example 1

We consider the linear Klein—-Gordon equation

Uy — Uy = U, (7)
subject to the initial conditions

u(x,0) =1+sin(x), u/(x,0)=0. (8)

According Eq. (5), the correction functional is given by
t
Uni1 (X, 1) = uy(x, 1) +/ (0 (3, 7))y — (@ (%, 7)) o — Bin(x, 7)) dr.
0
©)

Making the above correction functional stationary, and
noting that oi = 0, we get
Oty (X, 1) = Ouy(x, 1)

+0 /0' A (x,7)) e = (@, 7)) o — tia(x, 7)) d.

(10)
which yields the following stationary conditions:
MN—2=0, (11)
1-7)_, =0, (12)
Ay =0. (13)
Then, the Lagrange multiplier, can be identified as
A(t) = sinh(t — 1). (14)

As a result and Eq. (9), we get

un+1(x7 t) = un(x7 t)
+/0 sinh(t — t)((un(x7 7)) — (Ua(x, 7)) — ua(, r)) dr.
(15)

Applying the variational homotopy perturbation method,
we have

00

Zp"un(x, 1) = u(x,0) + tu,(x,0) +p/0r sinh(t — 7)

n=0

<<ip”un(x, ‘c)) - <ip"un(x, r)) — ip"u,,(x, r)) dr.

=0 =0 =0
(16)

Comparing the coefficient of like powers of p, we have
P ug(x, £) = u(x,0) 4 tu,(x,0), (17)

P (x, ) = /0’ sinh(t — 1) (o (X, T) — toe (x,T) — tp(x, 7))dr.  (18)
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Thus solving Egs. (17) and (18), using initial conditions (8)
yields

up(x, 1) = 1+ sin(x), (19)
uy(x,1) = —1 + cosh(z). (20)
u(x,t) = up(x, 1) + uy (x, t) = sin(x) + cosh(z). (21)

This shows that the solution is the same as that obtained by
ADM El-Sayed (2003), HPM Chowdhury and Hashim (2009),
and VIM Elcin (2008).

3.2. Example 2

We consider nonlinear Klein—-Gordon equation
Uy — Uy = —Ll2, (22)
subject to the initial conditions

u(x, 1) =1+sin(x), wu,(x,0)=0. (23)

According Eq. (5), the correction functional of Eq. (22) is
given by

Upi1 (X, 8) = u,(x, 1)
+ / 2t (6, — (2, 0)) o + (3, 7)) d.

(24)

where o is considered as a restricted variation, Its stationary
conditions can be obtained as follows:

A=0, (25)
1-2|._ =0, (26)
., =0. (27)

Then, we get

Mr)y=t—1t (28)

Substituting Lagrangian multiplier (28) into functional
(24), we get

Upi1 (X, 8) = uy(x, 1)
+/ (t = 1) ((un(x,7)) e — (un(x,7)) o102 (x, 7)) dr.

0 (29)

Applying the variational homotopy perturbation method,
we have

ip”u,, (x,8) =u(x,0) + tu,(x,0) +p/01(1 —1)
((ip”uﬂx,l)) - (i])"un(x,t)> + (ip"un(x,t)> ) dr.
n=0 - n=0 Xx n=0

(30)

Comparing the coefficient of like powers of p, we have
0 up(x, 1) = u(x,0) + tu,(x,0), (31)

plu(x,t) = /0 (1 — 1) (oo (3, T) — thg. (%, 7) + 115(x, 7)) . (32)

PP run(x,t) = /l(r—t)(ul”(x,r)—um(x,r)+2uo(x.,r)u1(x,r))dr. (33)
Jo

P ius(x, ) :/Ol(r— 1) (202 (%,7) = 12 (%, 7) + 2 (0 (x, V)12 (x,7) + 117 (x, 7)) ) .

(34)

Thus solving Egs. (31) and (34), using initial conditions (23)
yields

up(x, 1) = 1 + sin(x), (35)
u(x, 1) = —%tz (sin*(x) + 3sin(x) + 1), (36)
w(x,1) = %t“ sin(x) (2sin’(x) + 12sin(x) + 11), (37)

us(x,1) = —ét(’ (6sin*(x) +58sin*(x) + 116sin’(x) +33sin(x) —22).  (38)

Then, the 4-term approximate series solution can be written
as
u(x, t) ~ 140()(.', l) + Ll](x, t) + u2(x7 l) + u;(x, t) + 144()(.', Z)'

(39)
3.3. Example 3
We consider nonlinear Klein—-Gordon equation
3 3,

— Uy = — U+ = 4
Upyp — Uxx 4u+2u7 ( 0)
subject to the initial conditions

1
u(x,0) = —sech(x), u/(x,0)= Esech(x) tanh(x). (41)

The exact solution of Eq. (40) is (see Ref. Zhao et al., 2006)
1
u(x,1) = —sech(x + 3 1). (42)
According Eq. (5), the correction functional of Eq. (40) is
given by

Upp1 (X, [) = un(-x7 Z)

[ 300000 = o)+ ) =500 ) .

(43)
Then, the Lagrange multiplier, can be identified as
Mt)=1—1t. (44)
Substituting Lagrangian multiplier (44) into functional
(43), we get
i1 (x,8) =u,(x,1)

[ =0 (@) = o)) - S )

(45)
Applying the variational homotopy perturbation method,
we have
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n=0

Yoo P (@, 1) = u(x, 0) + tuy(x, 0) +P/t T—1) ((ZP un(z T) - <§P"Un(x ’ > 421’ Uy (,7) =5 (ZP u, (x T> ) dr.
(46)

Comparing the coefficient of like powers of p, we have

uo(x, 1) = u(x,0) + tu,(x,0), (47)

sup(x, 1) = /0/(1: —1) (uon(x, T) — Uy (x,T) + %uo(x, 7) — %ug(x, r))d‘c. (48)

s (X)) = [ (t= 0 w1 (x,7) — up (X, 7) + %ul (x,7) — gug(\, T)uy (x, r))d‘c. (49)
3 9., N
cu(x, 1) = | (v =) taee(x,7T) =t (X, 7) + Zu;()@ ) — 3 (15 (x, D)ua (x,7) + uo (x, T)uj (x, 7)) | d. (50)
3 3,5 )
us(x, 1) (t = )| uzee(x,7) — Uz (X, 7) + 7" (x,7) — 3 (u (3, T) + 3ug (x, Tus (x, T) + 6up(x, T)uy (x, T)ua(x, 7)) | dr. (51)

Thus solving Eqs. (47) and (51), using initial conditions (41) Then, the 4-term approximate series solution can be written

yields as
1 u(x, t) = up(x,t) + up(x, t) + uy(x, t) + us(x, 1). 56
up(x, 1) = —sech + = rsech(x) tanh(x), (52) (6 8) % w0l ) (5, £) + 1, 0) s, £) (56)
2 We compare our results obtained by VHPM and exact solu-

] 1, 9, tion (42) of Eq. (40) in Table 1 and Fig. 1.
up(x,1) = sech’(x) (7§3t smh(x)+ﬁt cosh(x)

+ & £ sinh(x)cosh* (x) — L Acosh’ (x) 3.4. Example 4
> 4
—cosh?(x) (% £ sinh(x) — 3—2 £ sinh(x)) + (rz - 9%6) cosh’ (.>c)>7

We consider nonlinear sine-Gordon equation

(53)
27 135 . | , Uy — Uy, = —sin(u), (57)
ur(x, 1) = mt sinh(x )7ﬁt8 cosh(x )+@t sinh(x)cosh®(x) 7ar “cosh’ (x)
+eosh?(x) (ﬁlv sinh(x) _ 2 SmhM) subject to the initial conditions
“\64 7256 :
6 8
,(26312f - ‘1325; )mﬁm u(x,0) =0, u,(x,0) = 4sech(x). (58)
7 81 ; . .
—cosh’( *’ sinh(x) **f sinh(x) ) + { “g= = =55~ Jeosh’(x) The exact solution of Eq. (57) is
75 -
+cosh*(x < # sinh(x 7—t sinh(x) + ﬁt sinh(x )) u(x, t) = 4tan l[tsech(x)]A (59)
7(% —uf 'f’4)cosh’( ), According Eq. (5), the correction functional of Eq. (57) and
(54) taking sin(u) ~ u — —u + mu is given by
us(z, t) = sechm(x)(f SItl;(b)i!;h(l') + 567&12;20:1:(1) 40 sinh(ﬁ));zsh”(r) _ %tﬁcoshm(x) — cosh?(z) (%t“ sinh(z 24%2011;;1, Jc) (4)%10 %) cosh®(z)

10 1365 +7 _ 17914% sinh(x) 45518 _ 53733 .11 _ nchd 2435 sinh () _ 12933¢" sinh(x) 35149
cosh (x)(zrﬁt sinh(z) — 51— ) + (5 — 235 )cosh' (x) — cosh®(x) 3018 096 + %t sinh(z)

12 10 8 5 3645t sinh 8433t" sinh(x 5 . 5¢10 8 6
+(17(]1t 127305110 | 69031 )cosh”(z) 4 coshs(x)< 5t sinh(r) _ sinh(z) | 9285 47 smh(z)) _ (1522@ CUTIE | 185710 )coshg(x) — cosh®(z)

1024 2048 4096 1024 2048 512
81¢" sinh(z) | 5265¢' sinh(z) _ 539149 132347 o __ 567t | 4338010 _ 8574313 189{“ 7
(_ w5 T ws s b sinh(z) + 5 sinh(w) )+ =g + 60 w6 T 16 )cosh’(2) ).

(55)
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Table 1 The absolute error between exact solution (42) and
4-term of VHPM for different values of (x, 7).

Table 2 The absolute error between exact solution and 5-term
MADM (Kaya, 2003), 2-iterate VIM (Batiha, 2007) and 4-term
VHPM, when x = 0.1 and different values of .

X t=0.1 =03 t=20.5
0.0 6.2347 x 10-6 16114 % 10- 25039 x 10-3 t |Exact — MADM| |Exact — VIM)| |Exact — VHPM|
2.0 6.0910 x 10~° 1.4051 x 107* 2.4628 x 1073 0.0l  1.925%x107* 4.974 x 1077 5.007 x 107°
4.0 1.4682 x 10~° 3.7536 x 107> 1.6113 x 107* 0.02  3926x 1074 3.978 x 107° 4.003 x 1077
6.0 2.0044 x 1077 5.1382 x 107° 2.2820 x 10~° 0.03  6.079 x 107°* 1.341 x 107° 1.350 x 107¢
8.0 2.7131 x 1078 6.9553 x 1077 3.0911 x 107° 0.04 8453 x 1074 3.176 x 1073 3.195 x 107°
10.0 3.6718 x 1077 9.4130 x 1078 4.1834 x 1077 005 1.112x 1073 6.195 x 107> 6.229 x 107°
12.0 4.9692 x 10710 1.2739 x 1078 5.6616 x 1078 0.06 1413 x 1073 1.069 x 10~* 1.074 x 10~
14.0 6.7251 x 1011 1.7240 x 10~° 7.6621 x 107° 0.07  1.757 x 1073 1.694 x 1074 1.701 x 1073
16.0 9.1015 x 10712 2.3332 x 10710 1.0370 x 107° 0.08 2147 x 1073 2.523 x 107* 2.531 x 1073
18.0 1.2317 x 10712 3.1577 x 10711 1.4034 x 1071° 0.09 2591 x 1073 3.583 x 1074 3.592 x 1073
20.0 1.6670 x 10713 4.2735 x 10712 1.8992 x 107! 0.1 3.092 x 1073 4901 x 107* 4909 x 107°
5
L. '-ri-’ ‘,'l' I '|‘i-
O~ = "'H.c"' . * 0“.1
. * ( Mﬂ% wal
-5r +* T =011 og 99 B
= p °
- Q
\R/ - * -0.2+ b ? R
S ol * g -03f ' "‘ :
- § 1
* ~0.4 g
. - = =t=01 _ “ ,9
_15L - t=0.5 | S _05- 1 1
15.‘ . o \><' 0.5 6| ,
+ * . t=0.9 = _06l \ ? |
* * - “ N
B R e N i *
X -0.8F 1 Bl
1 1
. . . . 0ol ! = = =EXACT |
Figure 1 VHPM solution at difference time, when —5 < x < 5. 0.9 § !
P O VHPM
r ~ ~ Do s 6 4 2 % 2 s 6 s 10
) =)+ [ (0 0) (@ 0) .+ ) x
0
_l(gn(x7 T))3 1 (it (x, T))5) dr. (60) Figure 2 Exact solution and VHPM, when —10<x <10
6 120 t=0.3.
Then, the Lagrange multiplier, can be identified as
Mr)=1—1t. (61)

Substituting Lagrangian multiplier (61) into functional 08 ,66‘66‘ - = = EXACT
(60), we get sl . ' o vHPM |
t 1 \

U1 (X, 1) = uy(x, 1) + / (t—1) ((un(% T))ee = (1 (X, 7)) 06r 3 & 1
0 ) N
1 3 1 5 0.5F 1 \ ,
1ty (x,7) = & (1 (35, 0)" + 735 ()" ) . 62 = e °
iow IQ b‘ B
Applying the variational homotopy perturbation method, = P 8
we have o3y ® ® |
[ R
n t t 0 0.2 ® ® 4
Z L (x, ) = u(x,0) + tu,(x,0) r b,
e 0.1 @ ® g
r—t — E P u,(x,7) ® %
- -5 -4 -3 -2 -1 0 1 2 3 4 5
X
n - L n k] n d .
+Epu X,7) Eopu(xr) 120<;pu xr) i
Figure 3  Exact solution and VHPM, when -5 < x <5¢=0.3.
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Comparing the coefficient of like powers of p, we have

P uo(x, £) = u(x,0) 4 tu,(x,0), (64)

Pt (z,t) = /(;(7' —t) (uuﬁ(m,T) — Upge (2, T) + up(z, 7) — % (uo(ac,T))3 + llTO(uo(:c, 7'))5) dr.

PPy, t) = /Ot(r —1) (uoﬂ(x, T) — Up (X, T) + 1y (x, 7) — % (uo(x, 7)) 1y (x, T) + % (uo(x, 7)) 2y (x, T))df.

Thus solving Eqs. (64) and (66), using initial conditions (58)
yields

uo(x, t) = 4tsech, (67)

uy (x, 1) = sech’(x) (7$5[7 - (4[3 - g) cosh2(x)), (68)

pared between exact solution and approximate solution
obtained by variational homotopy perturbation method in
Fig. 2.

3.5. Example 5

We consider nonlinear sine-Gordon equation

2048t s 6417 4481 5 , 256t 512¢10 128t°
ug(x,t) = sech? (z) (f T (lﬁt" - T) cosh®(z) — ( T +48t7 — 24t">cosh4(x) - ( T 64¢° + 3 )cosh2(32)>7
(69)
. 2518 2517 2 t9 4 2511
ug(x,t) = sech'®(x) (6523;?’ - 655;2?) - <64t7 - %) cosh'®(z) — < Oii + 768t° — 384167)005}18(90)
4096¢'7 16384t 16384¢'5 131072t™  4096¢'3 1024t 237568t 22528112
_ _ h2 _ ety 13 1792 11 _ 1 /10 h4
< 295 ot T 9 )cos (z) < 9 + 135 768t + + 1792t 536t >cos (z)
22528113 14336112 524811 3584¢10
7< e 2 5 83200+ 360t7> cosh® (z)) .
)

Hence, the 4-term VHPM solution is
(71)

The comparison between absolute errors of exact solution
with the 5-terms of modified decomposition method (Kaya,
2003), 2-iteration solution of the variational iteration method
(Batiha, 2007), and 4-iteration solution of variational homo-
topy perturbation method is given in Table 2. Also, we com-

u(x, 1) = up(x, 1) + uy (x, 1) + r(x, 1) + uz(x, 7).

1 5 1 1 1
wy (x,t) =t (— (ecos(uz) +m)° — & (ecos(uz) 4+ )° + §ecos(pz) + ie,uz cos(pzx) +

240

—1? <L (e cos(px) + 7)° — %(e cos(uz) + ) + e cos(ux) + ep? cos(ua) + 7r) .

120

(70)
Uy — Uy, = —sin(u), (72)
subject to the initial conditions
u(x,0) = m+ ecos(ux), u(x,0) =0. (73)

Same as Example 4. by means VHPM 2-term of solution
are

uo(x, 1) =+ ecos(ux), (74)

:)

(75)
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Figure 4 Approximate solution via VHPM, when t=1,u = ‘/75
and different values of e.

Then, the approximate solution via VHPM of Eq. (72) is
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We showed the solution obtained by VHPM in Fig. 3. Also,
we showed the effectiveness of ¢ to the solution.

4. Discussion of results

In this section, we discuss the results obtained by the VHPM
for Klein—-Gordon sine-Gordon equations.

In Example (3.1), the analytical solution obtained by the
VHPM is same as that obtained by the ADM, HPM, and
VIM (see Eq. (21)). Example (3.2) observe the solution via
VHPM and showed in Fig. 1 at difference time and it is clear
that the time effect to the solution. From Example (3.3), we
compared the results obtained via VHPM with the exact solu-
tion. Also, we found absolute error between exact solution and
present work (see Table 1 and Fig. 2). In Example (3.4), the
results by the VHPM are more accurate than those obtained
by MADM and VIM (see Table 2 and Fig. 3). Also, the appli-
cation of the VHPM to Example (3.5), showed that, the
parameter ¢ played an important role in initial conditions
(see Fig. 4).

5. Conclusion

In this work, variational homotopy perturbation method is
applied to solve the Klein—-Gordon and sine-Gordon equa-
tions. The present study has confirmed that the variational
homotopy perturbation method is effective and suitable for
solving these types of linear and nonlinear equations. Also,
we showed that the present method has good agreement with
other analytical methods such as ADM, VIM, HPM, and
MADM.
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