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Abstract: Methods to measure income inequality have for quite some time now been an important subject in statistics and
econometric research. Some measures are based on incomplete moments or incomplete conditional moments and they take into
consideration the shape of the income distribution but suffer sometimes from low efficiency and or lack or robustness. On the other
hand, in recent years a new inferential method called “the probability weighted moments” (PWM) was introduced and studies as a
competitor to more traditional inferential methods such as the method of moments or the maximum likelihood method. A class of
generalized measures of income inequalities using the PWM are introduced and studied. The new measures are also

shown to characterize the income distributions well.
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1. INTRODUCTION

The Lorenz curve is a tool used to represent income
distribution; it relates the cumulative proportion of
income to cumulative proportion of individuals, but
Lorenz curve depends on the income mean. However,
several economic questions depend on the shape as well
as the mean. Butler and McDonald (1987) used
incomplete moments to characterize income inequality
and provide the basis for interdistributional Lorenz
curves. In defense of their approach, Butler and
McDonald argued that these incomplete moments do
explain the shape of distributions and also can be used
readily to build measures of income inequality. They
reintroduced Gini coefficient, Pietra measure, and Lorenz
curve in terms of incomplete moments. Gastwirth et al
(1989) gave a statistical analysis of a special case of the
Butler-McDonald measures. They established its
asymptotic normality under minimal conditions.

In this article, we summarize the inequality
measures based on incomplete moments and conditional
incomplete moments. Also, we summarize some theory
for Probability Weighted Moments (PWM) and show how
they can be used to estimate of the Inequality Measures.
In addition, we propose a general class of inequality
measures using PWM which gives fast, straightforward
and unbiased estimators. In section 2, the PWM a
generalization of the usual moments of probability

distribution is introduced and how to use it to obtain
unbiased estimators. In section 3, some desirable
inequality measures based on incomplete moments are
studied such as Butler-McDonald measure (1989) and
Ahmad measure (1998). In section 4, we propose a
General class of Inequality using PWM and give different
special cases including Butler-McDonald and Ahmad
measures. In section 5, we introduce the characterization
of the income distribution using M}, 1 and M3y, . In
Section 6, we propose the estimation of the new general
class of inequality measures. In section 7, we have studied
the proposed measures of inequality under Pareto
distribution. Section 8, is devoted to conclusion.

2. PROBABILITY WEIGHTED MOMENTS

Let X4, X5, ..., X,,be a random sample from a continuous
distribution with density function f(x) , quantile
function x(F)=F'(x)=Q(F) , O0<F<1 ,
cumulative distribution function F(x) =F , mean
u = E(X), o is the standard deviation of the distribution.
The probability weighted moments are a generalization
of the usual moments of a probability distribution. The
probability weighted moments of a random variable X
with distribution function F( x) = P(x < x) are the
guantities

Mp,r,s = E[Xp{F(X)}T{l - F(X)}S] (1)
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Where p,r and s are real numbers. PWM are likely to be
most useful when quantile function x(F) can be written
in closed form, so we can rewrite
Mp,r,s =

[y ()P F™ (1~ F)*dF (2)
It is easily noticeable that M,, ,  is the p-th moment of the
(r +1)th order statistic in a sample of size (r +s +1).
Note that using M, , . involves information about the
value and rank of a random variable in a group of (r +s
+1) sample unit; see Bartoluccia et al (1999), Greenwood
et al (1979), and Hosking (1990).

The quantities M,, o, are the usual non-central moments.
When r and s are integers, F" (1 — F)® may be expressed
as a linear combination of either powers of For powers of
(1 — F), so it is natural to summarize a distribution either
by the moments M, ., or My o 5 , where

Br=Miro= EX{FXO}1, r

=0,12,.. 3)
and,
Bs = Ml,O,s =EX{1-FX)}¥], s
=0,1,2,.. 4)

where the expected value of order statistics is

n!
EQHrn) = iy
(5) - _
Therefore the probability weighted moments can be
written in terms of expected value of order statistics as

By = [, x(F)FTdF =

J, x(F)F'=* (1 - F)"""dF

EXr+1:r+1)

T r=20,1,.. (6)
and
1
Bs = [, x(F)(1 = F)*dF =
E(X1:5+1) s = 0 1 (7)
s+1 e

Note that 5, and B, are used in many applications
such as linear moments, estimation of the generalized
extreme value distribution ,analysis of hydrological
extremes, and estimating the three-parameter Weibull
distribution; see for example, Hosking et.al (1985),
Moisello (2007), and Wang (1990).

3. INCOMPLETE MOMENT MEASURES OF INCOME
INEQUALITY

Butl Butler--McDonald measure

Let X denote the (random) income in an economic
system (population) having distribution function (df)
F(x), probability density function (pdf) f(x), y,., ys pre-
chosen value and rth non-central moment
uy =EQX") = [ x"dF (x)
(8)

The Butler-McDonald measure of income inequality is
given by

MT = ST xTaF(x) 1)
M= TG T 0

s 1) 9
The most important cases are when r = 0 or 1 because
the first two incomplete moments, provide especially
useful information in many applications about the shape
of the distribution. In terms of the income distribution
setting r = 0 yields the fraction of the population with
income less than x, whereas r=1 yields the proportion of
total income accounted for by those with income less
than x, see; Butler and McDonald (1989), Gastwirth
(1971) and Gastwirth et.al. (1989). Note that ¢p(y;r)is
df's and for some distributions, see;  Butler and
McDonald of (1989) it exhibits same properties and form
as the original df. Gastwrith et.al. (1989) established the

asymptotic normality of an estimate of Mg,’v), and a
variation of it when the means are replaced by the
medians. Gastwrith et al also compared the asymptotic

relative efficiency of their estimate of Mgg to the
Wilcoxon and t statistics for location and scale
alternatives.

Ahmad measure
Ahmad introduced a measure of income inequality based
on conditional incomplete moments as

MP =E(X"|X"<y)=

fg/r x"dF(x) ]
oy = YOmT) (10)
Note here that for r =0, M” =0 . Ahmad had

provided the asymptotic efficiency for the location and
scale cases and focused on the comparison on differences
between moments of the portions of populations that are
affected with the inequality. In terms of the income

distribution Mf) can be explained as the fraction of poor

people in the population who have income less than y,
income of the population.

4. A UNIFIED GENERAL CLASS OF PWM INCOME
INEQUALITY MEASURES

A proposed class of inequality measures which is a
generalization of Butler-McDonald measure is

(hrs) _ Sy [FMFCOY 1-F(0)}]dF(x) ]
My = GO IF ARG ¢ (y,; h,1,5)(11)

This can be called “normalized weighted incomplete
moment” and the Butler-McDonald measure is a special

case of M:when r = s = 0.

Measure based on B,

The proposed first linear version of measure of inequality
based on PWM is
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M _ foyerTdF(x) _ OyerrdF(x) _

PWML ™ (b ar (x) E(XFT) {(S+1)1L(ys;5)_ s=012 } (16)

LOrn) _ DI Grir) b, (%3 7) Mf>W_Mz ’ e
By E(Xr41m41) T Or equivalently, by

(12)
Atr =0 MJyu, can be explained as the proportion of
total income accounted for by those with income less {(r+1)1L(3’r;r)_ =012 } 17)
than y,. More general M}y, can be explained as the Mpwm1 N

proportion of total weighted income accounted for by
those with weighted income less than y,.. This version
will give more weight for income in the largest part of
the distribution.

Moreover the type of Ahmed measure based on PWM
can be defined as

Oyr xFTdF (x)
F(yr)

=Y. 7) (13)

This can be explained as the fraction of total weighted
income accounted for poor people with weighted
income less than y,

T —
APWMI -

Measure based on B

The proposed second linear version of measure of
inequality based on PWM is

.l =FydFG) [ x(1- F)dF(x)
PwM2 = folx(l — F)SdF (x) T EXQA-F)")
_ Lyss)  (s+ Dy s)

.85 B E(Xl:s+1)
= ¢L(¥s:5) (14)

Moreover at s =0 Mpy,, can be explained as the
proportion of total income accounted for by those with
income less than y, . More general Mg, . can be
explained as the proportion of total weighted income
accounted for by those with weighted income less than
v,. This version will give more weight for income in the
lowest part of the distribution.

Moreover the type of Ahmed measure based on PWM
can be defined as

A} =
S x(1~F)SdF (x) i
OT =9Y,(s; S) (15)
This can be explained as the fraction of total weighted
income accounted for poor people with weighted income
less than y,..

5. CHARACTERIZATION OF THE INCOME
DISTRIBUTION BASED ON Mpyypr1 AND Mpyaro

It can characterize the income distribution as follows.
Theorem 1: if E|X]| < o, then the income distribution F
is uniquely determined by

Proof: From Chan (1967), Konheim (1971), and Haung
and Lin (1988) who showed that F(x) is uniquely
determined by {E(X;,); n=123,..} , therefore
w will  uniquely determine the income

Mpwm2
distribution for s =0,1,2,.. where it is equal to
E(Xi:541)- Similarlyw will uniquely determine

Mpwm1

the income distribution for r = 0,1,2, ...where it is equal

0 E(Xp11041)-
It is not necessary to have the full sequence in order to
characterize the income distribution as follows.

Theorem 2: For any fixed positive integers a, b and
a, b > 0 the subsequence

{M s=(@-1,(a-1D+b,(a-

Miwmz
1) + 2b, }

(18)
Or equivalently, by

fCedion,; -~ (a-1),a-

Mpwm1
D) +b(a—1)+ 2b,....}

(19)
is sufficient to characterize income distribution.
Proof: It can be proven directly from Haung (1975),
Efromovich (1999), and Wand and Jones (1995) who
showed that for any fixed positive integers a, b and
k(< a) the subsequence {E(Xy.,), n=a,a+b,a+
2b, ..... } is sufficient to characterize F by replacing n by
s+ 1.

6. ESTIMATION

Using the sample income data x;,x,....,x, and the
empirical distribution function the above measures can be
estimated as follows.

n
_ Zim g WX <yr)wyix;

Tid
Mpyu = S wrixi
(20)
and
MgWMZ _ Tien I (Weixi<ys)Wsix;
NIty WsiX
(21)

where
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i—0.5\" (i—0.5)°
e (S05) e (1 452

Moreover,
o _ Zizg [wrixi<yr)wrix;
P FQm)

(22)

and

A‘;WMI — 2?:1 1(Wsixi<ys)wsix; (23)

F(ys)

Where F is the empirical distribution function.
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