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Abstract: In this article, the distribution of concomitant of order statistics has been obtained from Bivariate log-exponentiated 

Kumarswamy distribution. The distribution of the 
thr order statistics and it's concomitant arising from Bivariate log-exponentiated 

Kumarswamy distribution has been deduced. The properties of concomitant arising from the corresponding order statistics are used 

to derive the results. The moment generating function (mgf) of concomitant of order statistics is also derived. We have also obtained 

the expression for the joint distribution of concomitants of two non-adjacent order statistics. 
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1. INTRODUCTION  

David (1973) introduced the concept of concomitant of order statistics as follows: Let ( , ); 1,2,...,i iX Y i n  be the n 

observations from a bivariate population. If we arrange X variates in some specific order  then we get values of Y
variate corresponding to each X  values. These Y  values are called concomitant of order statistics. If 

: ; 1,2,...,r nX r n   be the  
thr  order statistics then  

thr  concomitant is denoted by [ : ]; 1,2,...,r nY r n . 

    Application of concomitant of order statistics frequently arises in real life selection problem when the decision is 

based on two variables X and Y . e.g. X  may be the score in preliminary test and Y  may be the score in main test in 

any competitive test. 

Elsherpieny et al. (2014) proposed the Bivariate log-exponentiated Kumarswamy distribution, denoted by 

 1 2 3log , , , ,B EK      , which has log-exponentiated Kumarswamy (log-EK) marginal. This distribution is 

obtained by using the method similar to that of method used by Kundu and Gupta (2009) to develop bivariate generalized 

exponential distribution. The properties of Blog-EK distribution are given below. 

Univariate log-EK distribution with parameters α,λ,γ>0 has the probability density function (pdf)  given as 
1 1 1( , , , ) (1 ) [1 (1 ) ] [1 {1 (1 ) } ]x x x xf x e e e e                    

               
(1.1) 

 

The cumulative distribution function (cdf) of univariate log-EK distribution is given as 

( , , , ) [1 {1 (1 ) } ]xF x e                                (1.2) 

     

Let, log ( , , ); 1,2,3i iU EK i     are independently distributed and consider the random variables 

1 2

2 3

max( , )

max( , )

X U U

Y U U




 

Then 1 2 3( , ) log ( , , , , )X Y B EK      , where, 1 2 3, , , , 0      , with cdf  given as 

http://www.uob.edu.bh/english/pages.aspx?module=pages&id=2922&SID=684
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1 2 3( , ) ( ) ( ) ( min( , ))F x y P U x P U y P U x y     

log 1 log 2 log 3( : , , ) ( : , , ) ( : , , )EK EK EKF x F y F z                                  (1.3) 

Where min( , ).z x y  

The joint cdf  of the 1 2 3log ( , : , , , , )B EK x y     
 
given in (1.3) can also be written as  

 

log 1 3 log 2

log 1 log 2 3

log 1 2 3

( : , , ) ( : , , ) if 0

( , ) ( : , , ) ( : , , ) if 0

( : , , ) if 0

EK EK

EK EK

EK

F x F y x y

F x y F x F y y x

F x y x

      

      

    

 

 



   


   


   

 

And the corresponding pdf  is 

1

2

3

( , ) if 0

( , ) ( , ) if 0

( , ) if 0

f x y x y

f x y f x y y x

f x y y x

 


  
  

 

 

where 

1 3 2

2 2 1 1 1

1 2 1 3

1 11

( , ) ( ) (1 ) (1 ) {1 (1 ) }

{1 (1 ) } [1 {1 (1 ) } ] [1 {1 (1 ) } ]

x y x y x

y x y

f x y e e e e e

e e e

   

       

            

     

     

                       (1.4)
 

2 31

2 2 1 1 1 1

2 1 2 3

11

( , ) ( ) (1 ) (1 ) {1 (1 ) } {1 (1 ) }

[1 {1 (1 ) } ] [1 {1 (1 ) } ]

x y x y x y

x y

f x y e e e e e e

e e

     

    

              

  

       

      
       

(1.5) 

1 2 3 11 1

3 3( , ) (1 ) {1 (1 ) } [1 {1 (1 ) } ]x x x xf x y e e e e
                     

                                 
(1.6) 

The marginal cdf and pdf of X is  

1 3( ) [1 {1 (1 ) } ] ;0xF x e x
        

 ̀                          
(1.7) 

1 3 11 1

1 3( ) ( ) (1 ) {1 (1 ) } [1 {1 (1 ) } ] ;0x x x xf x e e e e x
                       

                
(1.8)

 

And the conditional pdf of Y  given X is  

1

2

3

( | ) if 0

( | ) ( | ) if 0

( | ) if 0

f y x x y

f y x f y x y x

f y x y x

 


  
  

 

where 

   
2 11 1

1 2( | ) (1 ) {1 (1 ) } [1 {1 (1 ) } ]y y y yf y x e e e e                  
                             

(1.9) 

2 3 311 11 2 3
2

1 3

( )
( | ) (1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 {1 (1 ) } ]

( )

y y y y yf y x e e e e e
          


 

        
         



 

                                            

(1.10) 

23
3

1 3

( | ) [1 {1 (1 ) } ]
( )

xf y x e  

 

   


                       (1.11) 

Concomitant of order statistics was noticed and discussed about four decades ago. After remarkable work in 1973 

by David; David and Galambos (1974) and David et al. (1977) deduced the asymptotic theory of concomitants of order 

statistics and distribution and expected value of the rank of a concomitant of an order statistics, respectively. Yang 

(1977) discussed the general distribution theory of the concomitants of order statistics. Bhattacharya (1984), in his 

paper, Induced order statistics: Theory and applications, explained the theory and application of concomitant of order 
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statistics in the name of induced order statistics. Balasubramanian and Beg (1996) and (1997), obtained expressions of 

concomitant of order statistics in bivariate exponential distribution of Marshall and Olkin and concomitant of order 

statistics in Morgenstern type bivariate exponential distribution. Moreover, Begum and Khan (2000) and Begum (2003) 

obtained expressions of concomitant of order statistics from Marshall and Olkin's bivariate Weibull distribution and 

bivariate Pareto II distribution. In a similar manner, Shahbaz and Ahmad (2009) and Shahbaz et al. (2009) worked on 

concomitant of order statistics for bivariate Pseudo-Weibull Distribution and bivariate Pseudo Exponential Distribution. 

Very recently, Phillip and Thomas (2015) discussed the application of concomitant of order statistics from extended 

Farlie- Gumble- Morgenstern bivariate logistic distribution in estimation procedure. 

In this paper, we have considered the pdf of concomitant of order statistics and the joint pdf of concomitant of order 

statistics when the pair of observations ( , ); 1,2,...,i iX Y i n
 

are independent and follows

 1 2 3log , , , ,B EK      . The paper is divided into five sections. In section 2, we have obtained the distribution 

of 
thr  order statistics and joint distribution of 

thr  and 
ths  order statistics. In section 3, density of concomitant of first 

order statistics [1: ]nY and concomitant of 
thr order statistics [ : ]r nY  have been deduced. In section 4, we have discussed 

the moment generating function of concomitant of 
thr order statistics [ : ]r nY . Finally, in section 5, the expression for 

joint distribution of concomitant of two order statistics is obtained. 

2. DISTRIBUTION OF ORDER STATISTICS 

Let  1 2, ..., nX X X  are  iid observations from a population having cdf  ( )F x  and pdf  ( )f x  then the  pdf of 
thr  

order statistics is given as 

1

: :( ) [1 ( )] [ ( )] ( ),n r r

r n r nf x C F x F x f x x      

where :

!
.

( 1)!( )!
r n

n
C

r n r


 
 

Thus if 1 2, ..., nX X X  are  iid observations from a population having cdf  ( )F x  and pdf  ( )f x  given in (1.7)  and 

(1.8)  respectively,  then the  pdf of 
thr  order statistics is given as 

 1 31 3
11 1

: : 1 3( ) ( ) (1 ) {1 (1 ) } [1 [1 {1 (1 ) } ] ] [1 {1 (1 ) } ]
rx x x x n r x

r n r nf x C e e e e e
          
                    

               

(2.1)

 

Putting 1r   in (2.1), we get the pdf of first order statistics 1:nX  as 

 1 3 1 3
11 1 1

1: 1 3( ) ( ) (1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]x x x x x n

nf x n e e e e e
           

                     

                    

(2.2)

 

Similarly the cdf of 
thr order statistics :r nX  , when 1 2, ..., nX X X  are  iid observations and follows 

1 3log ( , , )EK      , is given as 

 1 31 3

1
1

:

0

( ) [1 (1 [1 {1 (1 ) } ] ) ] [1 {1 (1 ) } ]
r

kx n r x

r n

k

n r k
F x e e

k

     


   



  
         

 
                  (2.3) 

The cdf of first order statistics 1:nX  as (David; 1981) 
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1 3

1: ( ) 1 [1 [1 {1 (1 ) } ] ]x n

nF x e
                                                 (2.4) 

Let :r nX  and :s nX  be the two order statistics such that  1 r s n   . Then the joint pdf of two order statistics is 

given as (David; 1981) 

1 ( 1)

: 1 2 , : 1 1 2 2 1 2( , ) [1 ( )] [ ( ) ( )] [ ( )] ( ) ( )r s r n s

r n r s nf x x C F x F x F x F x f x f x       

         
1 1

1

, : 1 2 1 2

0 0

1 1
1

r s r
l s r k n s kl k

r s n

l k

r s r
C f x f x F x F x

l k

  
     

 

    
           

  


 

Where , :

!

( 1)![ ( 1)]!( )!
r s n

n
C

r s r n s


   
and ( ) 1 ( ).F x F x   

Therefore if 1 2, ..., nX X X  are  iid observations from a population having cdf  ( )F x  and pdf  ( )f x  given in (1.7)  and 

(1.8)  respectively,  then the joint pdf of :r nX  and :s nX  is given by 

1 2 1 2 1

1 3 1 32 1 2

( )2 2 2 1 1 1

, : 1 2 , : 1 3

1 11

1 1

0 0

( , ) ( ) (1 ) (1 ) [1 (1 ) ]

[1 (1 ) ] [1 {1 (1 ) } ] [1 {1 (1 ) } ]

1 1
( 1) [1 (1 {1

x x x x x

r s n r s n

x x x

r s r
l k

l k

f x x C e e e e

e e e

r s r

l k

   

        

          

     

  


 

     

        

    
     

  
  1 32

1 31 1

(1 ) } ) ]

[1 (1 {1 (1 ) } ) ]

x n s k

x l s r k

e

e

  

  

  

    

 

    

             

                                                                                                                                                                         (2.5)

 

3. DISTRIBUTION OF CONCOMITANT OF ORDER STATISTICS 

In this section, we have deduced the result for the pdf  of concomitant of order statistics. First we have obtained the 

pdf  of concomitant of  first order statistics [1: ]nY  and utilizing pdf of  [1: ]nY , we have obtained the pdf  of 
thr  

concomitant of order statistics  [ : ]r nY . 

Let ( , ); 1,2,...,i iX Y i n   are n  pairs of observations and follows  1 2 3log , , , ,B EK      , then the  pdf  of 

concomitant of first order statistics   1:n
Y is given by 

[1: ] 1 1: 2 1: 3 1:
0

( ) ( | ) ( ) ( | ) ( ) ( | ) ( )
y

n n n n
y

g y f y x f x dx f y x f x dx f y x f x


     

Therefore  in view of (1.9), (1.10), (1.11) and (2.2),  we have 

2

1 3 1 3

12 2 1 1

[1: ] 2 1 3

11 1 1

0

2 2 1

1 2 3

( ) ( ) (1 ) {1 (1 ) } [1 {1 (1 ) } ]

(1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]

( ) (1 ) {1 (1 ) }

y y y y

n

y

x x x x x n

y y y

g y n e e e e

e e e e e dx

n e e e

    

         

 

    

    

     

         

   

       

          

    



2 3

1 31

1 2 3 1 3

11

11 1 1

11 1

3

[1 {1 (1 ) } ]

(1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]

(1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]

y

x x x x x n

y

y y y y x n

e

e e e e e dx

n e e e e e

   

       

           

  



       

          

  

          

          



1
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After some algebraic simplification, we get 

1 32

2 3

0

0

11 1

[1: ] 2

11 1

1 2 3

1

0 00 1 3 1

( ) (1 ) {1 (1 ) } [1 1 (1 ) } ] [1 (1 [1 {1 (1 ) } ] ) ]

( ) (1 ) {1 (1 ) } [1 {1 (1 ) } ]

1( 1)
[1

[ ( ) ]

y y y y y n

n

y y y y

qn

q

g y e e e e e

n e e e e

n

qq

       

     

 

   

  

      

      





           

       

 
  

   


 0 1 3 1

1 2 3 1 3

1

3

11 1

(1 {1 (1 ) } ) ] (1 )

{1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]

qy y y

y y y n

e n e e

e e e

    

         

 
    

       

     

        

     

                                                                                                                                                                                   

(3.1) 

It is well known that cdf of order statistics are connected by the relation (see David; 1981) 

1

: 1:

1

1
( ) ( 1) ( );1

n
i n r

r n i

i n r

i n
F x F x r n

n r i

  

  

  
     

  
  

This relation also holds for pdf of concomitant of order statistics as (see Balasubramanian and Beg; 1998) 

1

[ : ] [1: ]

1

1
( ) ( 1) ( )

n
i n r

r n i

i n r

i n
g y g y

n r i

  

  

  
    

  
  

Therefore, the pdf of concomitant of  
thr order statistics [ : ]r nY  is given as 

2

1 3

2

11 1 1

[ : ] 2

1

1 1

1 2 3

1
( ) ( 1) (1 ) {1 (1 ) } [1 {1 (1 ) } ]

[1 (1 [1 {1 (1 ) } ] ) ] ( ) (1 ) {1 (1 ) }

[1 {1 (1 ) } ]

n
i n r y y y y

r n

i n r

y i y y y

y

i n
g y e e e e

n r i

e i e e e

e

    

     

  

 

   

        

  

     



  
            

          

   



 
0

0 1 3 13

0

1 2 3 1 3

1
1

0 00 1 3 1

11 1 1

3

1( 1)
[1 (1 {1 (1 ) } ) ]

[ ( ) ]

(1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]

qi
qy

q

y y y y y i

i
e

qq

i e e e e e

   

          

  

 


  



          

 
    

   

           



 

                                                                                                                                                                  

(3.2) 

4. MOMENT GENERATING FUNCTION OF CONCOMITANT OF ORDER STATISTICS 

Suppose ( , ); 1,2,...,i iX Y i n   are n  pairs of observations from  1 2 3log , , , ,B EK      , then the  

moment generating function (mgf) of concomitant of first order statistics [1: ]nY is given by 

[1: ]

[1: ] [1: ]
0

( ) [ ] ( )ntY ty

n nM t E e e g y dy


    

Now in view of  (3.1), we have  
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2

1 32

0

0

11 1

[1: ] 2

0

11 1

2

0

1 2 3
0

0 1 3 1

( ) (1 ) {1 (1 ) } [1 {1 (1 ) } ]

(1 ) {1 (1 ) } [1 {1 (1 ) } ] [1 [1 {1 (1 ) } ] ]

( 1) 1
( )

[ ( ) ]

ty y y y y

n

ty y y y y y n

q

q

M t e e e e e dy

e e e e e e dy

n
n

qq

    

       

 

 

   
  



     



      

      

          

 
 

 





2 3

0 1 3 2

1
11 1

0 0

(1 )( ) 11 1

0

1 1

3

0

(1 ) {1 (1 ) } [1 {1 (1 ) } ]

(1 ) {1 (1 ) } [1 {1 (1 ) } ]

(1 ) {1 (1 ) } [1 {1 (1 ) }

n
ty y y y y

qty y y y y

ty y y y y

e e e e e dy

e e e e e dy

n e e e e e

     

      

     


      





        



     


     




       


      

 



 1 2 3 1 31 1] [1 [1 {1 (1 ) } ] ]y ne dy
            

        

                                  (4.1) 

Setting 1 (1 ) ,ye v   we have 

   

1 32 2

0

2 3

0

1 11 1

1 11 1

[1: ] 2 2

0 0

111
11

1 2 3
00 0 2 3 1 0

( ) 1 (1 ) (1 ) 1 (1 ) (1 ) 1 (1 )

( 1) 1
( ) 1 (1 ) (1 )

( )

t t

n

n

t
qn

q

M t v v v dv v v v v dv

n
n v v v dv

qq

       

  

   

   
  

 

  




 



   
                  

   
         
     



 

 

  0 1 3 2 1 2 3 1 3

1 11 1
1 1 11 1 1

3

0 0

1 (1 ) (1 ) 1 (1 ) (1 ) [1 (1 ) ]

t t

q nv v v dv n v v v v dv
             

 

         
   
                 

 

  

           (4.2) 

Using the Taylor series expansion 

1

1

1

1

0 1

( )
[1 (1 ) ] (1 )

!

k

Kt

k

t
v v

k









      in (4.2), we get 

 
 

   

 

1

1 2 2

1 2

1

1 2 21

1 1 2

10

0 1 2

1
2 1 1

21:
0 0 1 2 0

1
1 1 3 2 1 1

2
10 0 0 1 2 0

1
2 3

1 2 3
00 0 0

( ) (1 )
( ) (1 )

! !

( ) [1 ( ) ]
( 1) (1 )

! !

( ) [11
( ) ( 1)

k

k k k

n
k k

kn
k k kq

q k k

n
kq

q k k

t
M t v v dv

k k

t qn
v v dv

q k k

tn
n

q






 

  
 

 
   

 
 

 

 
 

  

  

  


 

  
  

 
  

 

 


 

   

 

1

2 2

1

1 2 20

0 1 2

11

1 1 2

1
1 1

0 1 3 1 1 2 0
11

2 1 3 1 1

1 2 3
00 0 0 0 1 3 1 1 2 0

1

3
10 0 0

]
(1 )

[ ( ) ] ! !

( ) [1 (1 )( )]1
( ) ( 1) (1 )

[ ( ) ] ! !

( ) [1 (1
( 1)

k

k k

kn
k o k kq

q k k

n
kq

q k k

v v dv
q k k

t qn
n v v dv

q q k k

tn
n

q





  
  

   
  

 

 

  
 

  

  

  


 

   
   

 


 



  


 

1

2 2

1
1 3 1 2 1 1

1 2 0

)( 1) ]
(1 )

! !

k

k k
q

v v dv
k k


  

 
  



 
Using,    

1

2

1
1 1 1

2

0

(1 ) 1 , 1

k

k k
v v dv B k
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       11 2 1 2

1 2 1 1 2

0

0 1 2

2 1 1 3 21 1
2 2 2 21:

0 0 0 0 0 11 2 1 2

1 2 3

0 0 0 0

( ) (1 ) ( ) [1 ( ) ]
( ) 1 , 1 1 1 , 1

! ! ! !

1
( ) ( 1)

n
qk k k k

n
k k q k k

n
q

q k k

t t qnk k
M t B k B k

qk k k k

n
n

q

   
     

 

   

   

    

 

  

          
             

       

 
    

 

 

  

 

1 2 0

0 1 2

1 2 1

1 1
2 3 1

2 1 2 3

0 0 0 00 1 3 1 1 2

2 0 1 3 1
2 3

10 1 3 1 1 2

( ) [1 ] 1
1 , 1 ( ) ( 1)

[ ( ) ] ! !

( ) [1 (1 )( )] 1
1 , 1 ( 1)

[ ( ) ] ! !

n
k k q

q k k

k k q

t nk
B k n

qq k k

t q nk
B k n

qq k k

 
    

   

  
  

   

   

  

     
        

      

      
      

    

 

 

1 2

1 1 2

1
2 1 1 3

0 0 0 1 2

1
2

( ) [1 (1 )( )]

! !

1 , 1

n
k k

q k k

t q

k k

k
B k

  




  

  

    
 
 

  
   

  



 

                                                                                                                                                                                                              (4.3) 

mgf of concomitant of 
thr order statistics  :r n

Y  can be obtained by using the relation (see Balasubramanian and Beg; 1998) 

     
1

: 1:
1

1
( 1) ( )

n
i n r

r n n
i n r

i n
M t M t

n r i

  

  

  
    

  
  

Therefore, in view of (4.3), we have 

   

 

1 2

1 2

1 21

1 1 2

21 1
2 2:

1 0 0 1 2

1 1 3 2 1
2 2

0 0 0 1 1 2

( ) (1 )1
( ) ( 1) 1 , 1

! !

( ) [1 ( ) ]
( 1) 1 , 1

! !

n
k ki n r

r n
i n r k k

i
k kq

q k k

ti n k
M t B k

n r i k k

t qi k
B k

q k k


  



  
  



 
  

    

 

  

     
              

      
       

   



 



 1 20

0 1 2

1 20

0 1 2

1
2 3 1

1 2 3 2

0 0 0 0 0 1 3 1 1 2

1
2 0 1 3

1 2 3

0 0 0 0 0 1 3 1 1

( ) [1 ]1
( ) ( 1) 1 , 1

[ ( ) ] ! !

( ) [1 (1 )( )]1
( ) ( 1)

[ ( ) ]

i
k kq

q k k

i
k kq

q k k

ti k
i B k

q q k k

t qi
i

q q k

 
    

   

  
   

  

  

  

  

  

     
       

     

    
    

  



  

 1 21

1 1 2

1
2

2

1
1 3 1 2 1

3 2

0 0 0 1 1 2

1 , 1
! !

( ) [1 ( )( 1) ]1
( 1) 1 , 1

! !

i
k kq

q k k

k
B k

k

t qi k
i B k

q k k




  
  



  

  

  
   

  

        
        

    


 

as the required expression for mgf of concomitant of  
thr order statistics  :r n

Y . 

5. JOINT DENSITY OF CONCOMITANT OF TWO ORDER STATISTICS 

Let [ : ]r nY  and [ : ]s nY  be the concomitant of rthand sth order statistics, respectively. Then the joint pdf of [ : ]r nY  and [ : ]s nY  in general, 

is given by 

2

[ , : ] 1 2 1 1 2 2 , : 1 2 1 2( , ) ( | ) ( | ) ( , )

x

r s n r s ng y y f y x f y x f x x dx dx



 

    

where , : 1 2( , )r s nf x x is the joint pdf of :r nX and :s nX . Here, as we have pdf existing at three different conditions. So, the joint 

density of concomitant of two order statistics will be given as; 

[ , : ] 1 2 1 2 3 4 5 6 7( , )r s ng y y I I I I I I I        
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where, 1 7,...,I I  are the joint densities under different conditions and are define below; 

Case I: When X Y  

If: 1 1 2 20 x y x y     ; then 

2 1

1

1 1 1 1 1 2 2 , : 1 2 1 2

0

( | ) ( | ) ( , )

y y

r s n

y

I f y x f y x f x x dx dx    

Using (1.9) and (2.5), we have 

 

  
1 2 1 2 1 2 1 2

2

2 2 2 2 2

1

12 4 4 1 1 1 1

1 , : 1 3

1 1
1 1 1

0 0

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) (1 ) [1 (1 ) ] [1 {

y y y y y y y

r s n
yr s r

y x x xl k

l k y

I C e e e e e e

s r r
e e e e

k l

       

    

   
          

  
      

 

          

  
           1 32

1

1 3 1 32 1 1 1 1

1 31

1

11 1

0
1

1 2

1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] { (1 ) [1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] }

x

y

x x x x xn s k

x l s r k

e

e e e e e

e dx dx

  

         

  

 

         

    

 

          

    



 

on solving which we get

 

 1 2 1 2 1 2 1 2

2 2 1

12 2 1 1 1 1

1 , :

1 1
1

0 0

(1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1( 1)
[1 {1 (1 ) } ] [1 [1 {1 (1 )

( )( 1)

y y y y y y y

r s n

l kr s r
y y

l k

I C e e e e e e

s r r
e e

k ll s r k n s k

       

  

 
          

  
  

 

         

    
         

        
 1 3

1 3 1 31 21 1

} ] ]

[(1 {1 (1 ) } ] ) (1 {1 (1 ) } ] ) ]

l s r k

y yn s k n s ke e

 

      

   

              

                                  

If: 1 2 1 20 x x y y     ; then 

1 2

2 1 1 1 1 2 2 , : 1 2 1 2

0 0

( | ) ( | ) ( , )

y x

r s nI f y x f y x f x x dx dx    

Again using (1.9) and (2.5), we have 

 1 2 1 2 1 2 1 2

1

2 2 2 2

12 4 4 1 1 1 1

2 , : 1 3

1 1
1 1

0 0 0

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) (1 ) [1 (1

y y y y y y y

r s n

yr s r
y x x xl k

l k

I C e e e e e e

s r r
e e e e

k l

       

  

   
          

  
     

 

          

    
         

  
   1 32 2

2

1 3 1 32 1 1 1 1

1 31

11

11 1

0

1

1 2

) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] { (1 ) [1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] }

x

x

x x x x xn s k

x l s r k

e

e e e e e

e dx dx

    

         

  

 

         

    

  

          

    



 

on solving which we get 
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 1 2 1 2 1 2 1 2

1 31

2 2

12 2 1 1 1 1

2 , :

11 1
1

0 0

(1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1 (1 [1 {1 (1 ) } ] )
[1 {1 (1 ) } ] ( 1)

(

y y y y y y y

r s n

y n s kr s r
y l k

l k

I C e e e e e e

s r r e
e

k l n

       

  
 

 
          

     
  

 

         

        
       

  
 

1 31 1

1)

(1 [1 {1 (1 ) } ] )

( 1)

y n l r

s k

e

n l r

      




  

   
 

   

 

If: 1 2 2 10 x x y y      ; then 

2 2

3 1 1 1 1 2 2 , : 1 2 1 2

0 0

( | ) ( | ) ( , )

y x

r s nI f y x f y x f x x dx dx    

Again using (1.9) and (2.5), we have 

 1 2 1 2 1 2 1 2

2

2 2 2 2

12 4 4 1 1 1 1

3 , : 1 3

1 1
1 1

0 0 0

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) (1 ) [1 (1

y y y y y y y

r s n

yr s r
y x x xl k

l k

I C e e e e e e

s r r
e e e e

k l

       

  

   
          

  
     

 

          

    
         

  
   1 32 2

2

1 3 1 32 1 1 1 1

1 31

11

11 1

0

1

1 2

) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] { (1 ) [1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] }

x

x

x x x x xn s k

x l s r k

e

e e e e e

e dx dx

    

         

  

 

         

    

  

          

    



 

on solving which we get 

 

 

1 2 1 2 1 2 1 2

2 2

1 32

12 2 1 1 1 1

3 , :

1 1
1

0 0

1

(1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] 1

(1 [1 {1 (1 ) } ] )

(

y y y y y y y

r s n

r s r
l ky

l k

y n s k

I C e e e e e e

s r r
e

k l

e

n

       

 

  

 
          

  
 

 

   

         

    
       

  

   




 

1 32 1(1 [1 {1 (1 ) } ] )

1) ( 1)

y n l re

s k n l r

          
 

     

 

Case II: When X Y  

If: 1 1 2 20 y x y x     ; then 

2

2 1

4 2 1 1 2 2 2 , : 1 2 1 2( | ) ( | ) ( , )

y

r s n

y y

I f y x f y x f x x dx dx



    

Using (1.10) and (2.5), we have 

 1 2 2 31 2 1 2 1

2 32 2 2

2

12 2 4 4 1 1 1 1

4 , : 1 2 3

1 1
1 1

0 0

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) (1 ) [1

y y y y y y y

r s n

r s r
y x xl k

l k y

I C e e e e e e

s r r
e e e

k l

        

   

    
         

  
    

 

          

    
       

  
   2 2 1

2

1 32 1 1 1 1 1

1

1 31

11

11 1

1

1 2

(1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] { (1 ) [1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] }

x x

y

x x x x xn s k

y

x l s r k

e e

e e e e e

e dx dx
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on solving which we get 

 1 2 2 31 2 1 2 1

2 32 1 2

1 2

12 2 2 2 1 1 1 1

4 , : 1 2 3

1 1 1
1

0 0 0 0 2

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

[1 {1 (1 ) } ] ( 1)

y y y y y y y

r s n

r s r l s r k n s k
y l k g g

l k g g

I C e e e e e e

n s k
e

g

        

  

    
          

        
    

   

          

  
     


   

   

 

1 3 2 1 1 3 1 12 2

1 3 1 11

1

1 3 1 1 1 3 2 1

1 1 1

1
[1 [1 {1 (1 ) } ] ][(1 {1 (1 ) } )

[{( ) }{( ) }]

(1 {1 (1 ) } ) ]

g gy y

gy

l s r k s r r

g k l

e e
g g

e

        

   

     

    

 

         
   

   

       
   

   

 

If: 1 2 1 20 y y x x      ; then 

2

2 2

5 2 1 1 2 2 2 , : 1 2 1 2( | ) ( | ) ( , )

x

r s n

y y

I f y x f y x f x x dx dx



    

Using (1.10) and (2.5), we have 

 1 2 2 31 2 1 2 1

2 32 2 2

2

12 2 4 4 1 1 1 1

5 , : 1 2 3

1 1
1 1

0 0

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) (1 )

y y y y y y y

r s n

r s r
y x xl k

l k y

I C e e e e e e

s r r
e e e

k l

        

   

    
          

  
    

 

          

    
       

  
   2 2 1

2

1 32 1 1 1 1 1

2

1 31

11

11 1

1

1 2

[1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] { (1 ) [1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] }

x x

x

x x x x xn s k

y

x l s r k

e e

e e e e e

e dx dx

   

        

  

  

        

    

    

          

    



 

 After some computation we get

 1 2 2 31 2 1 2 1

1 2

2 32

1 2

12 2 2 2 1 1 1 1

5 , : 1 2 3

1 1
1

0 0 0 0 1 3 1 1

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

( 1)
[1 {1 (1 ) } ]

[( ) ]

y y y y y y y

r s n

l k g gr s r l s r k n s k
y

l k g g

I C e e e e e e

e
g

        

  

    

  

          

         
 

   

          


   

 
  

   
 

 1 3 1 2 1 2 12 2

1 3 1 12

1

2 1

2

1 3 1 2 1 2

1 1 1

1 [1 {1 (1 ) } ] 1 [1 {1 (1 ) } ]
[1 {1 (1 ) } ]

( ) ( ) 2 ( )

g n s k g n s k gy y
gy

n s k l s r k s r r

g g k l

e e
e

g n s k g n s k g

      
   

  



        
 

            
    

    

         
     

        



1

  
 

  

 

If: 2 1 1 20 y y x x      ; then 

2

1 1

6 2 1 1 2 2 2 , : 1 2 1 2( | ) ( | ) ( , )

x

r s n

y y

I f y x f y x f x x dx dx



    

Again on using (1.10) and (2.5), we have 

 1 2 2 31 2 1 2 1

2 32 2 2

1

12 2 4 4 1 1 1 1

6 , : 1 2 3

1 1
1 1

0 0

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) (1 )

y y y y y y y

r s n

r s r
y x xl k

l k y

I C e e e e e e

s r r
e e e

k l

        

   

    
          

  
    

 

          

    
       

  
   2 2 1

2

1 32 1 1 1 1 1

1

1 31

11

11 1

1

1 2

[1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] { (1 ) [1 (1 ) ] [1 {1 (1 ) } ]

[1 [1 {1 (1 ) } ] ] }

x x

x

x x x x xn s k

y

x l s r k

e e

e e e e e

e dx dx
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on solving which we get 

 1 2 2 31 2 1 2 1

1 2

2 32

1 2

12 2 2 2 1 1 1 1

6 , : 1 2 3

1 1
1

0 0 0 0 1 3 1 1

( ) (1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

( 1)
[1 {1 (1 ) } ]

[( ) ]

y y y y y y y

r s n

l k g gr s r l s r k n s k
y

l k g g

I C e e e e e e

e
g

        

  

    

  

          

         
 

   

          


   

 
  

       1 3 1 2 1 1 3 1 1 1 3 1 2 12 1 1

1

2 1

2 2

1 3 1 2 1 1 3 2 1

1 1 1

1 [1 {1 (1 ) } ] [1 {1 (1 ) } ] [1 {1 (1 ) } ]

( )( ) 2 ( )

g g g g gy y y

n s k l s r k s r r

g g k l

e e e

g g g

             

     



         

            
    

    

              
   

       






 

 

Case III: When X Y ; then 

7 3 1 1 3 2 2 , : 1 2( | ) ( | ) ( , )r s nI f y x f y x f x x  

On using (1.11) and (2.5), we have 

 1 2 1 2 31 2 1 2 1

1 2 32 1

12 2 2 1 1 1 1

7 , : 3

1 1
1

0 0

(1 ) (1 ) [1 (1 ) ] [1 (1 ) ] [1 {1 (1 ) } ]

1 1
[1 {1 (1 ) } ] ( 1) [1 [1 {1 (1 ) } ]

y y y y y y y

r s n

r s r
y yl k

l k

I C e e e e e e

s r r
e e

k l

         

     

  
           

  
   

 

         

    
          

  
 1 3

1 32

1]

[1 [1 {1 (1 ) } ] ]

l s r k

y n s ke

 

  

    

      

 

After adding 1 7,...,I I we get the required joint density of two concomitant of order statistics. 

Acknowledgement  

The authors would like to thank the referees for their careful perusal of the paper and their invaluable suggestions to improve it. 

The first author also wishes to express his gratitude to the University Grant Commission for awarding him the UGC-BSR startup 

grant ((No. F.30-90/2015(BSR)). 

REFERENCES 

[1] K. Balasubramanian and M. I.Beg, “Concomitant of order statistics in bivariate exponential distribution of Marshall and Olkin,” 

Calcutta Statist. Assoc. Bull.,vol. 46,1996, pp. 109-115. 

[2] K. Balasubramanian, and M. I. Beg, “Concomitant of order statistics in Morgenstern type bivariate exponential distribution,” J. 

Appl. Statist. Sci., vol. 54(4), 1997, pp. 233-245. 

[3] K. Balasubramanian, and M. I. Beg, “Concomitant of order statistics in Gumbel's bivariate exponential distribution,” Sankhya 

Ser. B, 60, 1998, pp. 399-406. 

[4] Anjuman A. Begum and A. H. Khan, “Concomitant of order statistics from Marshall and Olkin's bivariate Weibull distribution,” 

Calcutta Statist. Assoc. Bull., vol. 50, 2000, pp. 65-70. 

[5] Anjuman A. Begum, “Concomitant of order statistics from bivariate Pareto II distribution,” Int. j. stat. sci., vol. 2, 2003, pp. 27-

35. 

[6] P. K. Bhattacharya, “Induced order statistics: Theory and applications,” Handbook of statistics, vol.  4, 1984, pp. 383-403. 

[7] H. A. David, “Concomitants of order statistics,” B. INT. STATIST. INST., vol. 45, 1973, pp. 295-300. 

[8] H. A. David, and  J. Galambos, “The asymptotic theory of concomitants of order statistics,” J. Appl. Probab., vol. 11, 1974, pp. 

762-770. 

[9] H. A. David, M. J. O'Connell, and S.S. Yang, “Distribution and expected value of the rank of a concomitant of an order 

statistics,” Ann. Statist., vol. 5, 1977, pp. 216-223. 

[10] H. A. David, Order statistics, 2nd edition, John Wiley, New York, 1981. 

[11] E. A. Elsherpieny, S. A. Ibrahim, R. E. Bedar, “A new bivariate distribution with log-exponentiated Kumarswamy marginals,” 

Chil. J. Stat, vol. 5, 2014, pp. 55-69. 



 

 

12       M. J. S. Khan & S. Kumar:  On Concomitant Of Order Statistics From Bivariate… 

 

 

http://journals.uob.edu.bh 

[12] D. Kundu, and R. D. Gupta, “Bivariate generalized exponential distribution,” J. Multivariate Anal., vol. 100, 2009, pp. 581-593. 

[13] A. Philip  and P. Y. Thomas, “On concomitants of order statistics arising from the extended Farlie- Gumble- Morgenstern 

bivariate logistic distribution andit's application in estimation,” Stat. Methodol., vol. 25, 2015, pp. 59-73. 

[14] S. Shahbaz, M. Q.  Shahbaz and M. Mohsin, “Concomitant of order statistics for bivariate Pseudo Exponential Distribution,” 

World Appl. Sci. J., vol. 6(8), 2009, pp. 1151-1156. 

[15] S. Shahbaz, and M. Ahmad, “Concomitant of order statistics for bivariate Pseudo-Weibull Distribution,” World Appl. Sci. J., 

vol. 6(10), 2009, pp. 1409-1412. 

[16]  S. S. Yang, “General distribution theory of the concomitants of order statistics,” Ann. Statist., vol. 5, 1977, pp.  996-1002. 


