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ABSTRACT 

  

In this paper we consider a nonlinear viscoelastic equation of fourth order. Under suitable 

conditions on the initial data and the relaxation function, we prove uniform decay results.  
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1 INTRODUCTION 

 

In this paper, we consider the asymptotic behavior of solutions to the following initial boundary 

value problem: 

where b, ai (i = 1, 2, 3) are positive constants, ĳ(s) is a given nonlinear function, u0(x), u1(x) are 

initial value functions, g(s) is the relaxation function satisfying some conditions to be specified 

later. In the absence of the viscoelastic term (g = 0), this type of problems arises in the study of 

the strain solitary waves in nonlinear elastic rods where there exists a longitudinal wave equation 

of the form 
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where b0, b2 > 0 are constants, b1 is an arbitrary real number, n is a natural number [Guitong, 

1986; Zhang, Zhuang, 1988; Chen, Wang, 1995; Chen et al 2008; Komornik 1994]. Chen et al 

[Chen, Wang, 1995] proved that the equation with the same initial and boundary conditions 

given in problem (1), has a unique classical solution and gave sufficient conditions for the blow-

up by the concavity method, we consider the following problem  

 

 with an extra damping term of the form a2uxxt and proved the existence of a unique local 

solution u(x, t)  C([0, T0]; C2[0, 1]) by the contraction mapping principle. Then he used the 

extension theorem introduced in [Zhang, Zhuang, 1988] and proved the existence of a unique 

global classical solution. Later on, Chen et al, studied the following nonlinear fourth-order 

problem 

and established a decay result. Furthermore, for initial data  

and ĳ C2(IR) satisfying, for two constants A > 0, B > 0, the following condition 

they made use of the integral inequality, given in [Komornik, 1994], to prove a blow up result. In 

the presence of the viscoelastic term, the wave equation was studied by many authors. Cavalcanti 

et al. [Cavalcanti et al 2002] studied 

for ฀> 0, g is a positive function satisfying and a : � 
——>

 IR+ (n � 1) is a function, which may 

vanish on a part of �. Under the condition that a(x) � a0 > 0 on #  ฀ �, with # satisfying some 

geometry restrictions, the authors obtained an exponential rate of decay. Berrimi and Messaoudi 

[Berrimi, Messaoudi, 2004] improved Cavalcanti’s result by introducing a different functional, 

which allowed them to weaken the conditions on both a and g. In particular, the function a can 

vanish on the whole domain # and, consequently, no geometry condition is required. The method 

of proof used in [Berrimi, Messaoudi, 2004] by Berrimi and Messaoudi is based on the use of the 

perturbed energy technique, the choice of the Lyaponov functional made their proof easier than 

the one in [Cavalcanti et al 2002]. Recently, Kafini and Messaoudi [Kafini, Messaoudi, 2008] 

considered the following Cauchy problem. 



ĳ

฀ � �

� � ฀ �
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with negative initial energy and under appropriate conditions on the relaxation function, they 

proved a finite-time blow-up result. Actually they extended the result of [Yong, 2005], which 

was established for a wave equation. 

In [Kafini, Messaoudi, 2007, Messaoudi, Al-jabr, 2007], Kafini and Messaoudi pushed their 

latter result to a coupled system of the form 

 

 

In [Messaoudi, Al-jabr, 2007], Messaoudi et al. considered the semi linear viscoelastic equation 

 

and showed, using a lemma by [Martinez, 1999], that the solution energy decays at a similar rate 

of decay of the relaxation function which is not necessarily of exponential or polynomial decay 

rate. 

In this work, we are concerned with problem (1). Our aim is to extend the result of [Chen et 

2008], established for the wave equation, to our problem. The proof is based on the multiplier 

method [Cavalcanti et 2001] and makes use of a lemma by [Martinez, 1999]. To achieve this 

goal some conditions have to be imposed on the relaxation function g. 

The paper is organized as follows. In section 2, we present some notations and 

material needed for our work. The statement and the proof of our main result will be given in 

section 3. 

  

2 PRELIMINARIES 

In this section we present some material needed in the proof of our result. For this reason, let’s 

assume that 

 

(G1) g : IR+ —— > IR+ is a differentiable function such that 
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(G2) There exists a > 0 such that 

 

(G3) ĳ   C2(IR) and satisfies, for two constants A > 0, B > 0, 

 

(G4) There exists a function G : IR IR such that 

 

Now, we introduce the ”modified” energy functional 

 

where 

 

Lemma 2.1.[ Martinez, 1999]] Let E : IR+ —— > IR+ be a non-increasing function. Assume 

also, that there exist q � 0 and A > 0 such that 

 

then, we have 

 

and 

 

where c and # are positive constants independent of the initial energy E(0). 

 

ș í



ĳ

�
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Lemma 2.2. If u is a solution of (1), then the ”modified” energy satisfies 

 

which means that E(t) is a non increasing. 

 

Proof. By multiplying the equation in (1) by ut and integrating over (0, 1), using integration by 

parts and repeating the same computations as in [Messaoudi, 2003], we obtain the result. 

 

Corollary 2.3. Under the assumptions (G1) and (G2), we have 

 

 

Proof. Using (G2) and (3), the result follows. 

 

Lemma 2.4. Let 1 < p < 3/2 and u be the solution of (1), then for any 0 < ș < 2íp, 

there exists C such that 

 

Proof: From Lemma 3.3 [16], we have 

 

 

 

Also, we have 

 

Consequently, we easily see that 
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3. DECAY OF SOLUTIONS 

 

In this section, we state and prove our main result. For this purpose, we need the following 

lemma 

 

Lemma 3.1. Under the assumptions (G1)-(G4) the solution of (1) satisfies, for 

0 � S < T < � , 

 

Proof. By multiplying equation (1) by E
q
(t)u(t) and integrating over (S, T)×(0, 1), we have 

 

A direct integration by parts yields 

 

 

 

 

The integrand of the second term in the left side of (6) can be estimated as follows 



� �
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Thus (6) becomes 
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Exploiting (2), estimate (8) takes the form 

By virtue of assumption (G4), we get from (9) 

 

Terms in the right side of (10) can be estimated, using the nonincreasing property of E(t), 

Poincaré’s inequality, Cauchy’s inequality, assumption (G2), Corollary 2.3 and the definition of 

E(t), as follows the first term 
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the second term 

the third term 

 

 

the fourth term 

where, by assumption G(2), we used the fact that 

the fifth term 
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the sixth term 

the seventh term 

 

the eighth term 

 

the ninth term 

the tenth term 

 

By inserting the above estimates in (10) and taking * small enough, the result   follows. Now, we 

are in position to state and prove our main result. 

 

Theorem 3.2. 

 

Assume that (G1) - (G4) hold. Then, there exist strictly positive constants C and Ȧ such that, for 

any t � 0, 

 

�

ș

�



Ȧ
�
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Proof. (Case p = 1) 

Estimates (5) and (4) yield 

 

take q = 0, we get 

 

then let T —— > +� to get 

 

thus Lemma 2.1 yields 

 

(Case p > 1) 

Lemma 2.4 and Young’s inequality, for 0 < ș < 1, yield 

 

 

Consequently, we obtain from (5), 

 

then let T —— > +� to get 

 

Thus Lemma 2.1 yields 

 

Using (12), we estimate 



Kafini & Messaoudi, J. of the Association of Arab Univ.  for Basic and Applied Science, Vol. 7, 2009, 95-109 

 

 106

 

 

and we choose ș = 
1

2  so that p í ș í 1 < 
3

2  í 
1

2  í 1 = 0.  

Consequently, we obtain 

and 

 

 

thus Lemma 3.3 [16] yields 

 

 

Using (13), we have the following estimate 

 

 

then we choose q = p í 1 so that 
pq

pí 1 = q + 1. 

Consequently, from (14), we obtain 

 

integration over (S, T), gives 

 

For   small enough, estimate (15) yields 

 

�



ș í ș í í í

í
p

í
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As T —— > +�, we obtain 

 

 

Thus, Lemma 2.1 yields 

 

This completes the proof. 
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