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ABSTRACT

In this paper we consider a nonlinear viscoelastic equation of fourth order. Under suitable
conditions on the initial data and the relaxation function, we prove uniform decay results.
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1 INTRODUCTION

In this paper, we consider the asymptotic behavior of solutions to the following initial boundary

4

Upp — O Uy + b}g(t — s)um(s)ds — Aol

8 —a3Ugat = (‘IL ) (U? 1)? t > 0 (1)
u(0,t) = u(1, ):O t >0

| u(z,0) = uo(z), w(z,0) = w(z), =€ [0,1],

value problem:

where b, ai (i =1, 2, 3) are positive constants, @(s) is a given nonlinear function, ugp(x), uj(x) are
initial value functions, g(s) is the relaxation function satisfying some conditions to be specified
later. In the absence of the viscoelastic term (g = 0), this type of problems arises in the study of

the strain solitary waves in nonlinear elastic rods where there exists a longitudinal wave equation
of the form
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-1
Ut — [bﬂ + bln(uﬂ:)n ]umm - bﬂummtt = 0;
where b, by > 0 are constants, by is an arbitrary real number, n is a natural number [Guitong,

1986; Zhang, Zhuang, 1988; Chen, Wang, 1995; Chen et al 2008; Komornik 1994]. Chen et al
[Chen, Wang, 1995] proved that the equation with the same initial and boundary conditions
given in problem (1), has a unique classical solution and gave sufficient conditions for the blow-
up by the concavity method, we consider the following problem

Uy — A Uy — Qolggt — Q3Ugart = P(Ur )z, x € (0,1), t >0
u(0,t) = u(l,t) =0, t>0
u(x,0) = up(x), u(x,0) = us(x), = €[0,1]

with an extra damping term of the form ajuxxt and proved the existence of a unique local

solution u(x, t) C([0, TO]; C2[0, 1]) by the contraction mapping principle. Then he used the
extension theorem introduced in [Zhang, Zhuang, 1988] and proved the existence of a unique
global classical solution. Later on, Chen et al, studied the following nonlinear fourth-order
problem

and established a decay result. Furthermore, for initial data

ug, w1 € H((0,1))
and @ C2(IR) satisfying, for two constants A > 0, B > 0, the following condition

(&) <A [ ply)dy + B,

they made use of the integral inequality, given in [Komornik, 1994], to prove a blow up result. In
the presence of the viscoelastic term, the wave equation was studied by many authors. Cavalcanti
et al. [Cavalcanti et al 2002] studied

" —£,9(t) < g'(t) < —&,9(t), t 20
uy — Au + fg(t — T)Au(T)dT + a(z)u; + |u|"u =0, 1nQ x (0,c0)

for [1> 0, g is a positive function satisfying and a : Q IR" (n > 1) is a function, which may
— >

vanish on a part of Q. Under the condition that a(x) >a0 >0 on# [ Q, with # satisfying some
geometry restrictions, the authors obtained an exponential rate of decay. Berrimi and Messaoudi
[Berrimi, Messaoudi, 2004] improved Cavalcanti’s result by introducing a different functional,
which allowed them to weaken the conditions on both a and g. In particular, the function a can
vanish on the whole domain # and, consequently, no geometry condition is required. The method
of proof used in [Berrimi, Messaoudi, 2004] by Berrimi and Messaoudi is based on the use of the
perturbed energy technique, the choice of the Lyaponov functional made their proof easier than
the one in [Cavalcanti et al 2002]. Recently, Kafini and Messaoudi [Kafini, Messaoudi, 2008]
considered the following Cauchy problem.
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1
uyg — Au+ [ gt — s)Au(z, s)ds + u; = [u|f'u, zcR" £>0
D

u(z,0) = up(z), wlz,0)=wu(z), =elR",

with negative initial energy and under appropriate conditions on the relaxation function, they
proved a finite-time blow-up result. Actually they extended the result of [Yong, 2005], which
was established for a wave equation.

In [Kafini, Messaoudi, 2007, Messaoudi, Al-jabr, 2007], Kafini and Messaoudi pushed their
latter result to a coupled system of the form

7 ¥

£

£
ue — Au+ [ g(t — s)Au(z, s)ds = fi(u,v), in IR" x (0, 00)
0

t
{ vy —Av+ [h(t —s)Av(z,s)ds = fo(u,v), inIR" x (0,00)
D

u(x,0) = up(x), wlz,0)=wy(z), =ecR"
L v(z,0) =vp(x), w(z,0)=wvi(z), =zeR™

In [Messaoudi, Al-jabr, 2007], Messaoudi et al. considered the semi linear viscoelastic equation

¢
uyy — Au+ [ g(t — 7)Au(r)dT + ulu|” =0, m Q x (0,c0)
0

u(z,t) =0, x € 90 | t>0
u(mnﬂ) = uﬂ(m)v u‘t(m? 0) = ul(m)z x € §

and showed, using a lemma by [Martinez, 1999], that the solution energy decays at a similar rate
of decay of the relaxation function which is not necessarily of exponential or polynomial decay
rate.

In this work, we are concerned with problem (1). Our aim is to extend the result of [Chen et
2008], established for the wave equation, to our problem. The proof is based on the multiplier
method [Cavalcanti et 2001] and makes use of a lemma by [Martinez, 1999]. To achieve this
goal some conditions have to be imposed on the relaxation function g.

The paper is organized as follows. In section 2, we present some notations and

material needed for our work. The statement and the proof of our main result will be given in
section 3.

2 PRELIMINARIES
In this section we present some material needed in the proof of our result. For this reason, let’s

assume that

(G1) g : IR+ —— > IR+ 1s a differentiable function such that
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al—bfg(s)ds=3‘:=-ﬂp t>0.
0

(G2) There exists a > 0 such that
¢(t) < —agf(t), 1<p<3/2, t>0.

(G3) o C2(IR) and satisfies, for two constants A > 0, B > 0,
()l < A [ e(y)dy+ B

(G4) There exists a function G : IR IR such that
G(s) >0, G(s) = fﬁ w(T)dT and 2G(s) < sp(s), Vs € R.
0

Now, we introduce the "modified” energy functional

Lt / Lo s 1 2
E(t) = 3 ﬁ |ug|” daz + al—b/g(s]ds L |ug|” dz +a3£ gt dz + b(g 0 ug)
i

1
+ [ Glude @
where
t 1
(gouw) () = [ 9t —3) [ lu(s) — u(t)|” dads.
0
1]
Lemma 2.1.[ Martinez, 1999]] Let E : IR+ —— > IR+ be a non-increasing function. Assume

also, that there exist ¢ > 0 and A > 0 such that
o0
f Bl (t)dt < AE(S), 0< S < +oo,
g

then, we have

E(t) < cE(0)e ™ ¥t >0, if q¢=0,

and

E(t) <cE(0)(1+t)5  ¥t>0, if g>0,

where ¢ and # are positive constants independent of the initial energy E(0).
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Lemma 2.2. If u is a solution of (1), then the "modified” energy satisfies

R TN R
E’(t)z—a,gL ]| dm_ig(t)ju' el dz + 2(9' 01) <0, (3)

which means that E(t) is a non increasing.

Proof. By multiplying the equation in (1) by ut and integrating over (0, 1), using integration by
parts and repeating the same computations as in [Messaoudi, 2003], we obtain the result.

Corollary 2.3. Under the assumptions (G1) and (G2), we have

(9° o ug)(t) < e(—g' o uz)(t) < —cE'(2). (4)
Proof. Using (G2) and (3), the result follows.

Lemma 2.4. Let 1 <p < 3/2 and u be the solution of (1), then for any 0 <0 <2—p,

there exists C such that
—14-8

(90 ua) (1) < C(gP 0 ug) ().

Proof: From Lemma 3.3 [16], we have

—1)/(p—1+8)

(m%@z{ffﬂmnmﬂ (¢ 0 ua)(£))/~40).

t
We estimate [ g'~?(s)ds, using (G1) and (G2),
0

fgl_ﬁ(ﬂ)dﬁ < fgl_e(s)ds < _?1/91_3_?(3)5!(3)&3
—1 2—6—p (]
—_ a(g_g_p] [g (S)]u < OQ0.

Also, we have
sup lug|l; < sup E(t) < E(0).
0<i<oo o

Consequently, we easily see that
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(g0 ug)(t) < C((g° 0 u,) (1))

3. DECAY OF SOLUTIONS

In this section, we state and prove our main result. For this purpose, we need the following
lemma

Lemma 3.1. Under the assumptions (G1)-(G4) the solution of (1) satisfies, for
0<S<T<w,

T T
f ETL(t)dt < CET(S) + b f EA(t)(g o ug)dt. (5)
g g
Proof. By multiplying equation (1) by E%(t)u(t) and integrating over (S, T)x(0, 1), we have

¢
T 1 . 1 1 B
f E4(t) Jo vugdze — aq [ uttz.dz + b fy u(t) ufg(t 8) Uy (8)dsda it

1 1
—ag [y UllzzdT — ag [§ Ulgende

= [ E(t f—ucp Uy ) ddt.

A direct integration by parts yields

[ E1(t) (/ (ayu? — u? — agu? )dm) dt
+Elf E(t (fy (t—s f (t)um(s]dmds) dt

T 1 1 1
—q[ Eq_lE"(t) (f utdr 4 ag/ uid:c + ag u,tu,dm) dt
0 0 0
1 T 1 T
lE“'[t de&“l [E"( ) uidml — ag [E‘f(t] f umtumd:rl
0 g 0 g

_ f E9() f Upp(ug)dedt. (6)
g 0
The integrand of the second term in the left side of (6) can be estimated as follows
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bE%(2) f 9(¢—5) [ u(t)uaa(o)dads
_ sEe) jgt o) [ O (oydads
— _bE9(t) (fg[t g}f (t) [tz (8) — s ]d:uds—l—fgt a)f o dm:fa)
= —bE(z) ( [ w f o(t — 8)[ua(s) — us(2)]dads + f ot~ ) [ o)’ dmds)

= —6E%) [ wa(t) [ 9(t - o)[ua(s) — ua(t)dods — bEt) [ g(t —s) [ |un(0)] dads

> —bE9(H) (a [ uatoas o [ ( j g”“’{s}ds) ( f (& — ) [ua(t) — ug(5)] sfs) dm)
—bE(z) f ot —9) [ fus(t)] dads
=

6B () (a [ lua(t) dz + ( / g=-f(s]da) (¢ o u,nt))

—bE(t) / g(s)ds [ lua(t) o

Thus (6) becomes

f o0 f 1 Kal —B5—b j‘ g{a]d&) lus|* — |us* — ag |-u,t|2] dadt
( Pl a]ds) f Et)(g® o u,)dt

—q [q ETUE(t) ( _£ uugdz + az fn uldz + ag L 1 u,gu,r:fm) dt
_ [ ﬁ ' E?{t}uutdz]: -2 Ml Eq{t}u:dm]: — ag Uﬂl Eq{t}uﬂu._.dm]:
—[: E(t) ﬁl Uz oz ) deedt. (7)
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Adding [§ E9(t) [y 2G(ug)dzdt to both sides of (7), we get
T
2 [ BT (t)dt
k)

T
2[5 E‘?(t[ [|ut| LB —I—a3|u,t|]d$dt

+i§ (j ELP(S)dS) [: E(t)(¢” o ug)dt

T 1 1 1
—qf ETYE'(t) (f uusda + 33[ uldz + ﬂgf umtumdm) dt
s 0 0 0

_ [E“' (1) A 1 uu,tda:} — = [E‘f (1) f Edm} — ag [E‘f (t) L 1 uﬂuﬁdm}z
+b [9 " E9(t) (g 0 ug)dt. (10)
L J0 15 &L JO 15 L J0 15
+[ 0220 / ' (26(uy) — wp(uy)) dadt. (9)

Exploiting (2), estimate (8) takes the form
By virtue of assumption (G4), we get from (9)

Terms in the right side of (10) can be estimated, using the nonincreasing property of E(t),

Poincaré’s inequality, Cauchy’s inequality, assumption (G2), Corollary 2.3 and the definition of
E(t), as follows the first term

[: E4(t) ﬁl [(m —bb — bjg(s)ds) |Us|2 _ |Uf|2 — as |umt|2] dedt
_4_1(5 (/t.t}z_”(s)ds) E(t)(g" o ug)(t) —I—[:E‘i‘(t) £1 26 (ug )dardt

T 1 1 1
—q[ E'E'(t) (/ utdze + {I-gf ulde + ﬂ-g/ umtu,dm) dt
0 0 0

T

Ay

+ / E(t / (26(us) — ugp(us))dedt. (8)
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Z[STEq(t)leqzdmdt < 2[ E9(t fl|u,t|2d:ndtf_:—c[:E‘f(t)E’[t)dt
— ([BTH(S) — ET(T)] < cEvH(S),

the second term

T 1 5 T
) f E9(t) f u,|? dedt < bc f B9 (t)dt
g 0 g

the third term
T 1 T

20 f E9(t) f | dadt < —c f E9(t)E'(t)dt = c[ET(S)— EY(T)] < cEY(S),
g 0 g

the fourth term

= ( f g*—f(s)afs) [ B o)t

%f:‘ E‘I(t)(g?c}ug dt < —f Eq t){g ouz)

I—; fTEq{t)Er( )dt < E[EQH(S} _ ETHY(T)]

|/

|/

— _pgatl

where, by assumption G(2), we used the fact that

t o0
/gz_f’(s)ds < /QE_P(s)ds < 00,
0 0
the fifth term
T 1
—qf E? E(t)f uwgdzedt
s 0

T 1
—1 2 2
< —CL B9 E{t)L (1ul® + [ul?) dedt
T 1
_ q—1pt 2 2
< cj; E E{t)ﬁ (Jutal” + Jttee]) et
T T
< —c f ETLE () B(t)dt < —c / E9(t)E'(t)dt
g g
< CEI(S) - BUT)] < cBH(S),
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the sixth term
T 1
—agq/ E‘T_lE'(t)[ ulde
g 0
T T
—c f ETLE () B(t)dt < —c f E(£)E'(t)dt
g 5
< c[EBTH(S) — ETT)] < cETTY(S),

IA

the seventh term

T 1
—ﬂ-gQ’f Eq_lE’{t)f Ut U dxdt
5 0

< —ch ELE () fl (Juatl* + |ute]*) dit
o 8 0
T T
< —c f ETLE () E(t)dt < —c f E9(t)E'(t)dt
g )
< BT(S) - B(T)] < cB(S),
the eighth term
1 1
‘E"‘(t) [ wwde| < L pagy [ (el +lul?) de
0 2 0
1

Fa

1
SEU) [ (el + uael?) deo < BT (0),

the ninth term
1
) [ lual’ do < BT (2),
0
the tenth term

1 1
QEEq(t)£ uﬂumdx‘ E %Eq{:t]\ﬁ (|u$t|2 4 |um|2)dﬁ: E cEﬂ'l‘l(t:]-

By inserting the above estimates in (10) and taking * small enough, the result follows. Now, we
are in position to state and prove our main result.

Theorem 3.2.
Let (ug,u1) € Hy((0,1)) x Hg((0,1)) be gtven.

Assume that (G1) - (G4) hold. Then, there exist strictly positive constants C and ® such that, for
any t >0,
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E(t) < Ce™,  if p=1,

¥

Et) < C(L+8)7, if p>1.

Proof. (Casep=1)
Estimates (5) and (4) yield

T
f ETH(t)dt < AETH(S), VS >0
g

¥

take q = 0, we get
T
[ E(t)dt < AE(S), Vt> 0,
g

then let T —— > +o0 to get

f " Blt)dt < AB(S), t>0, (11)

g

thus Lemma 2.1 yields

E(t) < cE(0)e ™" < Ce™* Vit >0.

?

(Casep>1)
Lemma 2.4 and Young’s inequality, for 0 <6 < 1, yield

B(8)(g o ua)
< B (e oun)TH < c[sBUTT (1) + c(e) (¢ ows)|

wechonseq=?;—lsothatﬂ%l=q—l—l_

Consequently, we obtain from (5),

j:g U BT (0)dt < AB(S), VS >0,

then let T —— > +o0 to get

f " B (ndt < AB(S), VS > 0.
g

Thus Lemma 2.1 yields

E@t) < cE(0)1+1)% =C(1+8)=1, Vt>0. (12)

1

Using (12), we estimate
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f(f g’ dn;)dsficf Et)dtf:c/m(1+t]r—ldtf:cl(1+)’ﬁ]:ﬂ?

1 3 1
and we choose 6 = > sothatp—6—-1< > — > —1=0.

t s pl
f (f |u,|2d:£) ds < o0,
0 \Jo

ct
sup t(f |z |? d:.r:) < sup ctE(t) < sup ct(l—l—t)r—l < sup ———— < 0
O=<t<oo D<i="no 0<i<rmo (]_ + t) ,—1

Consequently, we obtain

¥

thus Lemma 3.3 [16] yields
(g° 0 uz) > c(g o ug)?. (13)
Using (13), we have the following estimate
cE(t)(g? 0 uy)?
c ls (B (t) +cle) (¢ o u_.,)%)”}
c[eBP(8) + c(e)(g? o wa)] (14)

E(t)(g o us)

A TA

IA

pPq
then we choose q=p — I sothat ,—1 =q+ 1.

Consequently, from (14), we obtain

E*(t)(g 0 ug) < ¢ [sBT(t) + c(e)(—E'(1))] ,

integration over (S, T), gives

fSTEq(t)(goum)dt <c

. [:Eﬁl(t)dt+c(s)5(8)] | (15)

For  small enough, estimate (15) yields
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T
f ET(t)dt < CE(S), VS > 0.
g
As T —— > +o0, we obtain
oo
f ETL(t)dt < AE(S), VS > 0.
=

Thus, Lemma 2.1 yields
E(t) <cEQO)(1+8)% <C(1+t)=1, Vi>0.

This completes the proof.
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) 0 A cpm Al g 30 A g pall Ly gt Adslacall Jglad) Placadal ¥ sna
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