
 
 

 وساط ذات ضوضاء محليةأ الاتصالات الكمية فى وجود
 

 2،3ناصر متولى ،2نجوى محمد عرفه ،1عبد الشافى فهمى عباده

 

 ، مصرمدينة نصر، القاهرة ،الأزهرجامعة  ،  كلية العلوم،1الرياضياتقسم 
 ، مصرأسوان، جامعة ، كلية العلوم2لرياضياتقسم ا

 مملكة البحرين ، البحرين، جامعة ، كلية العلوم3لرياضياتقسم ا
 

 

:الملخص  
ى ذات وأخر  جزئيتشابك ذات حداهما إ ،لحالتين ديناميكا التشابك الكميج لذنمو  دراسة في هذا البحث تم

 في نهألى إتوصلت الدراسة   .محليا بضوضاء الوسط المحيط ةمترابط ةكمي ةكل وحدأن حيث  ،يتشابك كل
سرع من الضوضاء أ ةيفقد خصائصه الكمي االنظام المتشابك كميفإن  ،ةوجود ضوضاء غير مرتبط حال

 وجود حال تقل وتنحل تدريجيا في الناتجهالكمية  ةالوصل ةسع لى أنإكما توصلت الدراسة   .ةالمرتبط
نه في بأثبتنا أفي هذه الدراسة  . نحل بسرعهفإنها تالضوضاء المرتبطه وأما في حال  ة،مرتبط غيرضوضاء 

في هذا البحث تم مناقشة و   .ةالناتج ةبالوصل ةالخاص ةيمكن تحسين السعنه أف ةالضوضاء الغير مرتبط حال
يضا أو  ،المعلومات الكمية نقلوساط ذات ضوضاء محلية فى أالوصلة الكمية التى تمر فى  استخدام ةمكانيإ

 .المعلوماتنقل  ةدرج ىثير الضوضاء علأت تمت دراسة 

 

 
 

 

 

 

 

 

 

 A. S. Obada et al. 



ORIGINAL ARTICLE

Quantum communication in the presence of noise

local environments

A.-S.F. Obada a, N.M. Arafa b, N. Metwally b,c,*

a Math. Dept., Faculty of Science, Al- Azhar University, Nasr City, Cairo 11884, Egypt
b Math. Dept., Faculty of Science, South Valley University, Aswan, Egypt
c Math. Dept., College of Science, University of Bahrain, Bahrain

Available online 4 June 2012

KEYWORDS

Entanglement;

Local noise;

Capacity;

Teleportation

Abstract We investigate the entanglement dynamics of maximum and partial entangled two-qubit

states, where each qubit interacts locally with its own noise environment. In the presence of local

non-correlated noise, the entangled system loses its entangled properties faster than that depicted

for correlated noise. The capacity of the output channel decays gradually and smoothly in the pres-

ence of non-correlated noise and hastily for the correlated one. We show that the local non-corre-

lated noise can improve the capacity of the output channel. The possibility of using the output state

to perform quantum teleportation is discussed and the effect of the noise parameter on the fidelity

of the teleported state is investigated.
ª 2012 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.

1. Introduction

A fundamental resource in the development of quantum infor-
mation tasks is the phenomenon of quantum entanglement.
The recent progresses of quantum information theory prove
that entanglement has some important practical applications,

where it can be used as a resource for communications via
quantum teleportation (Bennett et al., 1993; Bouwmeester,

1997; Boschi et al., 1998), quantum coding (Bennett and Wies-
ner, 1992; Metwally, 2012), and cloning (Bennett et al., 1992;
Wootters and Zurek, 1982). Entanglement also can be viewed

as a source of quantum computation (Deutsch (1989)) and
quantum cryptography (Lo et al., 1998).

Quantum teleportation is an important process that could

be used to transmit quantum information between two separate
locations. To achieve this process one needs entangled pairs
which represent the quantum channel between the sender and

the receiver, local operations and measurements. Therefore,
quantum channel can be considered as a physical medium that
enables the transfer of quantum information from a sender to a
receiver. The general phenomenon of noise, which is present to

some extent in all information systems, is defined as the unde-
sirable transformations suffered by a quantum system during
the transfer from the sender to the receiver. The actual rate of

the transmitted information through a quantum channel is
lowered by the presence of the noise (Metwally, 2010, 2011).

Quantum teleportation in a noise environment is studied by

Scheel et al. (2001) and Banaszek (2001) where the fidelity of
quantum teleportation using non-maximally entangled states
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is investigated. Also Ishizaka (2001) studied the quantum tele-

portation in the presence of noisy channel. Teleportation using
Werner states (Werner, 1989) is studied by Lee and Kim (Lee
et al., 2000). On the other hand, it was proved by Badziag et al.
(2000) that local environment can enhance the fidelity of quan-

tum teleportation. Investigating, the quantum teleportation in
the presence of noise operation is carried out in (Ahmed et al.,
2012 and Metwally and Wahiddin, 2007).

In this contribution we discuss the problem of teleportation
using the generalized Werner state as quantum channels
(Englert and Metwally, 2000) in the presence of different types

of local noise. Assume that we have a source that supplies two
users Alice and Bob with entangled qubits. Each qubit inter-
acts locally with a noise environment. In Section 2, we investi-

gate the dynamics of the generalized Werner states in the
presence of local noise environments. Section 3 is devoted to
investigate the Peres–Horodecki criterion of separability
(Peres, 1996; Horodecki et al., 1996) and quantifying the sur-

vival of entanglement in the output states. The capacity of
the output state is discussed in Section 4. The possibility of
using the output states to perform quantum teleportation is

considered in Section 5. Finally we conclude the results in Sec-
tion 6.

2. The model

Assume that a source supplies two users Alice and Bob with

entangled two qubit state of the generalized Werner state
(Englert and Metwally, 2000) to achieve any quantum infor-
mation task. This class of states is described by zero Bloch vec-
tors and arbitrary cross dyadic as

qabð0Þ ¼
1

4
ðIþ c1rxsx þ c2rysy þ c3rzszÞ; ð1Þ

where ri and si are the Pauli matrices for Alice and Bob’s

qubits, respectively, i = x,y and z and I is the identity matrix.
The numbers cj,j= 1,2,3 are called the characteristic values of
the cross dyadic C

!
where Œc1Œ P Œc2Œ P Œc3Œ P 0. Each qubit

interacts locally with its own noise environment. These noises
could be identical and their effect on the two different qubits
could be correlated or non-correlated. These types of noise
can be described by,

U1 ¼
1

2
ðIþ rz þ

ffiffiffiffiffiffiffiffiffiffiffi
1� q

p
rzÞ;

U2 ¼
ffiffiffi
q
p

2
ðrx þ iryÞ; for Alice’s qubit and

V1 ¼
1

2
ðIþ sz þ

ffiffiffiffiffiffiffiffiffiffiffi
1� q

p
szÞ;

V2 ¼
ffiffiffi
q
p

2
ðsx þ isyÞ; for Bob’s qubit: ð2Þ

The dynamics of the generalized Werner state (1) in the pres-

ence of local identical correlated noise is given by

qðIÞco ¼
X2
i¼1
U iV iqabð0ÞVyiU

y
i

� �
: ð3Þ

In the computational basis 0 and 1, the density operator (3)
can be written as

qðIÞco ¼ a1j00ih00j þ a2j10ih10j þ a3j01ih01j þ a4j00ih11j
þ a5j11ih00j þ a6j01ih10j þ a7j10ih01j þ a8j11ih11j; ð4Þ

where the coefficients ai, i= 1, . . . 8 are given by

a1 ¼
1

4
ð1� qÞ2ð1þ c3Þ; a2 ¼ a3 ¼

1

4
ð1� qÞ2ð1� c3Þ

a4 ¼ a5 ¼
1

4
ð1� qÞðc1 � c2Þ; a6 ¼ a7 ¼

1

4
ð1� qÞðc1 þ c2Þ;

a8 ¼
1

4
ð1� q2Þð1þ c3Þ: ð5Þ

However, if we assume that the state (1) interacts locally with
identical non-correlated noise, then the output state is given
by,

qðIÞncor ¼
X2
i;j¼1
U iV jqabð0ÞVyjUyi
� �

: ð6Þ

In the computational basis, the density operator (6) takes the

form

qðIÞncor ¼ c1j00ih00j þ c2j10ih10j þ c3j01ih01j þ c4j00ih11j þ c5j11ih00j
þ c6j01ih10j þ c7j10ih01j þ c8j11ih11j; ð7Þ

where the coefficients ci are,

c1 ¼
1

4
ð1� qÞ2ð1þ c3Þ;

c2 ¼
1

4
fð1� qÞð1� c3Þ þ qð1� qÞð1þ c3Þg ¼ c3;

c4 ¼
1

4
ð1� qÞðc1 � c2Þ ¼ c5; c6 ¼

1

4
ð1� qÞðc! þ c2Þ ¼ c7;

c8 ¼
1

4
fð1þ q2Þð1þ c3Þ þ 2qð1� c3Þg: ð8Þ

Since, we have obtained the output density operators, then one
can investigate some different properties of the output entan-

gled state. In the next section, we shed some light on the effect
of different types of noise channels on the entangled properties
of the output channels. The amount of survived entanglement
is quantified. Also, we quantify the capacity of the output

channel.

3. Separability and entanglement

Due to the effect of the noise, the output entangled channels
lose their quantum correlations and turn into separable chan-

nels. To investigate the dynamics of this behavior, we use
the Peres–Horodecki’s criterion for separability (Peres, 1996;
Horodecki et al., 1996), as known by positive partial transpose

criterion (PPT). This criterion states that: a two-qubit density
operator, qab is separable if the partial transpose qTb

ab of the
density operator is non-negative, i.e., all the eigenvalues of

qTb

ab should be positive. In this context, the density operator
(4) is entangled if it violates the Peres–Horodeck’ criterion
(PPT), namely,

a1a8 � a6a7 > 0; and a2a3 � a4a5 > 0: ð9Þ

Also the state (7) is entangled if it violates the PPT criterion

which means

c1c8 � c6c7 > 0; and c2c3 � c4c5 > 0: ð10Þ

In Fig. 1a, the dynamics of the PPT criterion for different clas-
ses of initial states: maximum (MES) and partial (PES) entan-

gled states is plotted. It is assumed that both qubits are
interacts with local noise environments. It is clear that, as
the channel parameter q increases the output channel of a sys-

tem prepared initially in MES turns into a separable state for
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q = 1. However, starting from PES the output entangled state

turns into a separable state for smaller values of channel
parameter q.

Fig. 1(b) describes the dynamics of PPT for a system subject

to local identical non-correlated noise. Two classes of initial
states are considered as input states: maximum and partial
entangled state. The output state turns into a separable state
at q = 1 for a system prepared initially in maximum entangled

state. However, starting from partial entangled class as an in-
put state, the PPT is violated for small values of q.

It is important to quantify the amount of entanglement

which is still survival on the traveling channels through the
local noise environment. For this purpose, we use the negativ-
ity as a measure of entanglement. This measure is introduced

by Zyczkowski et al. (1998), which depends on the eigenvalues
of the partial transpose of the output state.

E ¼
X4
i

jkij � 1; ð11Þ

where ki,i= 1 . . . 4 are the eigenvalues of the partial transpose

of the states (4) and (7).
In Fig. 2(a) the entanglement dynamics is displayed for dif-

ferent classes of initial states. It is clear that, for maximum
entangled state interacts locally with the noise channel (2),

the entanglement of the output state E ¼ 1 at q= 0. As soon
as the interaction goes on, the entanglement decreases as the

noise parameter increases. Starting from partial entangled

state, the entanglement of the output state vanishes much ear-
lier. This is clear for the class which is characterized by
c1 = c2 = 0.9 and c3 = 0.7, where the entangled vanishes at
q= 0.4 and at q= 0.2 in the presence of identical non-corre-

lated noise
The dynamics of entanglement, E is shown in Fig. 2(b). It is

clear that, in general E decreases as one increases q. For a sys-

tem initially prepared in MES, the degree of entanglement E, is
maximum at q = 0, while it completely vanishes at q = 1.
However, for PES as initial state, the degree of entanglement

decreases faster and vanishes much earlier.
From Fig. 2a and b, one concludes that, the local identical

non-correlated noise turns the input entangled states to separa-

ble one faster than that depicted for the identical correlated
noise. However, the entanglement decays gradually in the pres-
ence of identical non-correlated noise, while in the presence of
the local identical correlated noise, the entanglement decays

hastily.

4. Channel Capacity

The channel capacity is one of the most important topics of the
quantum information. In fact all quantum information tasks

as quantum computation and sending information, depend
on the capacity of the channel. Therefore, it is important to

Figure 1 The PPT criterion for different initial entangled states of Werner type against the noise parameter q. The solid curve represents

PPT for a system prepared initially in MES with c1 = c2 = c3 = �1. The dot, dash, and dash dot curves for systems prepared initially in

PES with c1 = �0.5,c2 = c3 = 1,c1 = 0,c2 = c3 = 1, and c1 = c2 = 0.9, c3 = 0.7 respectively. For(a) correlated noise (b) non correlated

noise.

Figure 2 The dynamic of entanglement E for different initial entangled states as defined in Fig. 1 (a) for correlated noise(b) for non-

correlated noise.
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evaluate the transmission rate of information from a sender
(Alice) to a receiver (Bob). The capacity of the channel is given

by,

Cp ¼ logaDþ S qb
co

� �
� S qðIÞco

� �
; ð12Þ

where qb ¼ trafqI
cog, D= 2 is the dimension of qa and Sð�Þ is

the von Numann entropy.
Fig. 3(a) describes the behavior of the capacity Cp of the

channel (4) for different classes of the initial input states. It

is shown that, for a class prepared initially in maximum entan-
gled states, the capacity Cp of (4) decreases as the noise param-
eter q increases. For a class prepared initially in a partial

entangled state, the rate of information transmission is smaller
compared with that due to use of maximum entangled state as
initial channels . Also, the capacity of (4) for a system prepared

initially in maximum entangled state decays faster while, start-
ing from a partial entangled state the capacity of the output
state (4), decays smoothly and gradually.

Fig. 3b describes the dynamics of the capacity Cp of the out-
put (9) for different classes of initial states over local identical
non-correlated noise. It is clear that, starting from maximum
entangled state, the capacity decreases rapidly as q increases,

while for partial entangled state the decay of the capacity is
smooth and gradual. However, for larger values of q, the capac-
ity (8) increases to reach its maximum value Cp ¼ 1. This shows

that the local noise can improve the capacity of the input chan-
nel. So we can conclude that initial partial entangled states are
more robust than that for the initial maximum entangled states.

5. Teleportation

In this section, we investigate the possibility of using the output
channels to perform the original quantum teleportation proto-
col (Bennett et al., 1993). Assume that the users Alice and Bob
share entangled state of Werner type, each qubit interacts

locally with its noise environment. This channel is given by
Eq. (4) for correlated noise and by Eq. (7) for non-correlated
noise. In this context, we assume that Alice is given unknown

information coded in the state

wu ¼ bj0i þ aj1i; ð13Þ

where ŒbŒ2 + ŒaŒ2 = 1. Alice is asked to teleport this state to
Bob, who shares with Alice one of the entangled states given

by (4) or (7). The total state of the system is given by
qs ¼ qu � qðIÞco for correlated noise and qs ¼ qu � qðIÞnco for the

non-correlated noise. To implement this protocol, the partners

perform the following steps:

1. Alice performs CNOT gate on her qubit and the given state
(Corry, 1998). After this operation has been performed the

final state of the system is given by

qð1Þout ¼ CNOTqsCNOT: ð14Þ

2. Alice applies Hadamard gate (Gershenfeld and Chuang,

1997; Corry, 1998) on her qubit and the given. The output
state of the system is defined by

qð2Þout ¼ Hqð1ÞoutH: ð15Þ

3. Alice performs Bell measurements on the given qubit and

her own qubit. Then she transmits her results to Bob via
classical channel.

4. As soon as Bob receives the classical data from Alice, he

performs suitable unitary operations on his own qubit,
depending on the results of Alice’s measurements, to get
the original state which Alice teleported.

In this treatment, we assume that the partners Alice and
Bob perform the local operations perfectly. However if Alice
measures the singlet state jw�i ¼ 1ffiffi

2
p ðj01i � j10iÞ, then the final

state in Bob’s hand is given by

qco
Bob ¼ B1j0ih0j þ B2j0ij1i � B3j1ih0j þ B4j1ih1j ð16Þ

where

B1 ¼
1

4
a1 jb1j

2þb1b
2
2þb�1b2þjb2j

2
� �

þa2 jb2j
2�b1b

2
2�b�1b2þjb2j

2
� �n o

;

B2 ¼
1

4
a4 jb2j

2þb1b
2
2�b�1b2�jb1j

2
� �

þa7 jb2j
2�b1b

�
2þb�1b2�jb1j

2
� �n o

;

B3 ¼
1

4
a5 jb2j

2�b1b
�
2þb�1b2�jb1j

2
� �

þa6 jb2j
2þb1b

�
2�b�1b2�jb1j

2
� �n o

;

B4 ¼
1

4
a3 jb1j

2þb1b
�
2þb�1b2þjb2j

2
� �

þa8 jb1j
2�b1b

�
2�b�1b2þjb2j

2
� �n o

: ð17Þ

and ai, i= 1 . . . 4 are given by (5).
To evaluate the quality of the teleported state, we calculate

the fidelity, which provides a quantitative measure of the dis-

tinguishability of the unknown state (13), and Bob’s state
(16). The fidelity, F co of the teleported state is given by,

F co ¼ B1jb2j
2 � B2b1b

�
2 � B3b2b

�
1 þ B4jb1j

2
: ð18Þ

However, if the partners Alice and Bob share the state (7),

where the noise is assumed to be non-correlated, then the

Figure 3 The dynamics of the capacity Cp of the output channels. The solid curve for a system characterized by c1 = c2 = c3 = �1. The
dash and dot curves represent the capacity for a system prepared initially in PES characterized by c1 = �0.5, c2 = c3 = 1 and

c1 = 0,c2 = c3 = 1 respectively, for (a) correlated noise (b) non- correlated noise.
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initial state of the system is qs ¼ qu � qðIÞnco. To achieve the

quantum teleportation protocol, Alice and Bob perform the
original protocol as described above. If Alice measures Œw�æ,
then the final state at Bob’s hand is given by,

qnco
Bob ¼ A1j0ih0j þ A2j0ij1i þ A3j1ih0j þ A4j1ih1j ð19Þ

where,

A1 ¼
1

4
c1 jb1j

2þb1b
2
2þb�1b2þjb2j

2
� �

þ c2 jb2j
2�b1b

2
2�b�1b2þjb2j

2
� �n o

;

A2 ¼
1

4
c4 jb2j

2þb1b
2
2�b�1b2�jb1j

2
� �

þ c7 jb2j
2�b1b

�
2þb�1b2�jb1j

2
� �n o

;

A3 ¼
1

4
c5 jb2j

2�b1b
�
2þb�1b2�jb1j

2
� �

þ c6 jb2j
2þb1b

�
2�b�1b2�jb1j

2
� �n o

;

A4 ¼
1

4
c3 jb1j

2þb1b
�
2þb�1b2þjb2j

2
� �

þ c8 jb1j
2�b1b

�
2�b�1b2þjb2j

2
� �n o

: ð20Þ

and ci are given by (8). In this case, the fidelity of the teleported
state (13) by using the channel (7) is given by,

F nco
Bob ¼ A1jb2j

2 �A2b1b
�
2 �A3b2b

�
1 þA4jb1j

2
: ð21Þ

The fidelity of the teleported state (13) by using the channels
(5) and (7) is plotted in Fig. 4. In general, it is clear that the
fidelity of the teleported state depends on the initial channel.

For q= 0 the fidelity F co
Bob ¼ 1, if the system is prepared in

MES. However, the maximum value of F co
Bob decreases as the

entanglement of the initial channel decreases as shown in

Fig. 4a. On the other hand, F co
Bob decreases slowly as the noise

parameter q increases. The decay of F co
Bob over channels pre-

pared initially in MES is much larger than those transmitted
over partial entangled state PES.

Fig. 4b shows the dynamics of the fidelity of the teleported
state in the presence of non-correlated noise. It is clear that the
fidelity F nco

Bob at q= 0 for the initial channel in MES, and this

value decreases as the entanglement decreases. We can see that
the fidelity decreases as the channels parameter q increases.
The decay of F co

Bob is more rapid over channels prepared ini-

tially in MES than in Fig. 4b.

6. Conclusion

In this contribution, we investigate the dynamics of the two-qu-
bit system prepared initially in maximum or partial entangled
states. It is assumed that, these states are subject to two differ-

ent types of noise at the users locations: correlated and non-cor-
related noise. The entangled channels turn into classical
channels as the noise parameter increases. The entangled chan-

nel loses its entangled properties faster for correlated noise.

However for non-correlated noise, the entangled channels lose
their entangled properties gradually and smoothly. This behav-
ior reflects on the dynamics of the survival entanglement, where
the entanglement decreases faster in the presence of correlated

noise and decreases gradually for non-correlated noise.
The efficiency of the output channel is investigated by

means of its capacity. It is clear that, starting from the maxi-

mum entangled state, the capacity is maximum (Cp = 2) at
q= 0. However as q increases the capacity decreases to reach
its minimum value. In the presence of the non-correlated noise,

the capacity decreases faster than that depicted for correlated
noise. Starting from a class with a lesser degree of entangle-
ment the noise parameter improves the capacity of the quan-
tum channel.

The possibility of using the output channel to perform
quantum teleportation is investigated. We show that the fidel-
ity of the teleported state decreases as the noise parameter

increases. In the presence of the local correlated noise, the
fidelity decreases gradually and smoothly, while it decreases
quickly for non-correlated noise.

In conclusion the robustness of the traveling channel over a
noise channel depends on the degree of entanglement of initial
state and the type of the noise. If the effect of the noise in

Alice’s lab is independent from that in Bob’s lab., the entan-
gled channel loses its entanglement properties faster than those
if the noise in both labs are dependent. The output channels
could be used for quantum teleportation and its efficiency is

larger in the presence of correlated noise.
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