W . . . _

B International Journal of Computational and Theoretical Statistics
ISSN (2384-4795)

Int. J. Comp. Theo. Stat. 2, No. 1 (May -2015)

30 Az
F
T )

F ¢
¥
SRS

AN

Py« ¥

Generalized Order Statistics from g—Exponential Type- |
Distribution and its Characterization

M. I. Khan!, M. A. R. Khan? and M. A. Khan?

! Department of Mathematics, Faculty of Science, Islamic University in Madinah, Madinah, KSA
2Departmentof Statistics and Operations Research, Aligarh Muslim University, Aligarh, India

Received Nov. 21, 2014, Revised Jan. 9, 2015, Accepted Jan. 16, 2015, Published 1 May 2015

Abstract: This article is concerned with g — exponential type-1 distribution. Recurrence relations for single and product moments
of generalized order statistics have been derived from ¢ — exponential type-1 distribution. Single and product moments of ordinary
order statistics and upper K records cases have been discussed as a special case from generalized order statistics.

Keywords: Generalized order statistics, Order statistics, Record values, Single and product moments, Recurrence relations, q —
exponential type-1 distribution and characterization.

1. INTRODUCTION

Kamps (1995) introduced the concept of generalized order statistics ( gos ) as follows:

Let X;, X,,..., X, be asequence of independent and identically distributed (iid ) random variable (rv) with the df
n-1

F(x) and the pdf f(x). Let neN, n>2, k>0, m=(m,m,,....m, ;) eR"" Mr=ij , such that
j=r

7e =k+n-r+M, >0 forall re{,2,....,n—1}. Then X(r,n,m,k), r=212,...,n are called ( gos ) if their joint pdf

is given by

n-1 n-1
k{H?/j][H[l_ F )™ f (Xi)J[l_ FOa)I ™ (%) (1.1)
j=1 i=1
on the cone F1(0+) <X, <X, <---<x, <F (1) of ®R".
The joint density of the first r - goOS is given by

fX(1,n,r'ﬁ,k),.,.,X(r,n,rT1,k) (X17 X2 1o Xr)

r—:

=cr_{ﬁ[ﬁ(xi ™ f(x, )][ﬁ T (x,) 12

onthecone F*(0+) <X, <X, <---<x, <F*(1).
Then it is called generalized order statistics of a sample from distribution with df F(x) .
The pdf of r" m—gos is given by [Kamps, 1995]:

fx rnmio (¥) = (ffll)! [F O™ f ()9 ' [F(X)] (1.3)

and the joint pdf of X(r,n,m,k)and X(s,n,m,k),the r™ and s m—gos, 1<r<s<n, is
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Cs_ = m . r=
fx (rnmi,x s.nmi (X Y) :Wir—l)![lz(x)] I TF(X)]
[Ny (F(Y)) =y (FONIH F (1= £ () T (y), as<X<y< (1.4
where
Coa=[Tr+ n=k+(-im+D,
i=1l
L g _
h () = erl(1 X)), meE -1
—log(l-x) , m=-1
and
9 ()= [ Q=" dt =y, () =1, 0) xe[0,1).

We define the q— exponential distribution is a generalization of the exponential distribution. The main reason for
introducing q— exponential model is the switching property of the exponential form to corresponding binomial
expansion. We refer the reader to Seetha and Thomas (2012) for a comprehensive study on the properties of q—

exponential distribution
1

limg_s[1+(q-17z] * =e?,1<q<2

The main properties of the q— exponential distribution as follows,

(1) Exponential distribution is a special case

(2) Ithas equi- dispersed data via shape parameter

(3) It allows for non- constant hazard rates

A random variable X issaid to have q— exponential type-1 distribution (0 <q<1) ifits pdf is given by
1

f(x)=02-qL-A-g) X)), q<1l,0<x<p,0>0 (L5)

where = o)

and the corresponding df is

2-q
F()=[--a) )] (1.6)
Therefore, in view of (1.5) and (1.6), we have
Fx = LoD O a7
v(2-q)

Kamps (1998) investigated the importance of recurrence relations of order statistics in characterization. Recurrence
relations for moments of order statistics and upper k-records were investigated, among others, by Khan et al. (1983a,
1983b), Grudzien and Szynal (1997) and Pawlas and Szynal (1998, 1999) among others.

In this paper, we are concerned with the generalized order statistics from q — exponential type-1 distribution. Sections

2 and 3 give the recurrence relations for single and product moments of generalized order statistics. Section 4 is based
on the characterization result.
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2. RECURRENCE RELATIONS FOR SINGLE MOMENTS

THEOREM 2.1: For the g — exponential type-1 distribution given (1.5)and ne N,meR ,2<r<n
E[X ! (r,n,m,k)]— E[X ) (r —=1,n,m,k)] =

m{E[X (r,n,m, k)] v @ q) E[X  (r,nm.k)]} @.1)
PROOF: From (1.3), we have
. L =1
EDX I (r,n,m,k)] = %jjx'[ﬂx)]y £ () gL (F (X)) dx 2.2)

Integrating by parts taking [F (x)]” g (x) as the part to be integrated, we get

E[X ' (r,n,m,k)] = E[X j(r—1,n,m,k)]Jr&jﬂxi-l[lf(x)]yrg{,;l(lz(x))dx

Vr (r _1)! 0
The constant of integration vanishes since the integral considered in (2.2) is a definite integral, on using (1.7), we obtain
ELX  (r,n,m, k)] = ELX  (r =1, n,m, k)] = %{E[X H(r,n,m,k)]-v@-q) E[X (r,n,m k)]
yrle—(

and hence the Theorem

REMARK 2.1: Setting m=0,k =1 in the Theorem 2.1, we obtain the recurrence relations for the single moments of
order statistics of the g — exponential type-1 distribution in the form

E[X jr;n]— E[X jr—]_'n] = ] [X j_lrin]_v(l_q) E[X jr:n]}

E
v(2-q)(n-r+1)

REMARK 2.2: Setting m=-1,k =1 in the Theorem 2.1, we get the recurrence relations for the single moments of
upper k — record of the q— exponential type-1 distribution in the form

L x4yl -v-q) EX lum]]

ElXum ¥ —E[X eyl =——
[X'un]” —E[X ur] U(Z—q)k{

3. RECURRENCE RELATIONS FOR PRODUCT MOMENTS

THEOREM 3.1: For the g — exponential type-1distribution given (1.5)and ne N,meR ,1<r<s<n-1
E[X'(r,n,mk) X! (s,n,m,k)] - E[X' (r,n,m,k) X (s —1,n,m,k)] =

— 1 ferxi(rnmk) X (s,nm, k)] —o - q)ELX (r.n m,k) X I (s,nm,k)]} @3.1)
7sv(2—-0)

PROOF: From (1.4), we have

E[X'(r,n,m,k) X! (s,n,mk)] = Cou

e [P XTF O™ £ () 95 (FO0) 1 (x)dx (3.2)

where

B s—r-1
|(X)=JX YIFO] [y (F(y)=hy (FOOI f(y) dy
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Solving the integral in 1(X) by parts and substituting the resulting expression in (3.2), we get
E[X'(r,n,m,k) X I(s,n,m,k)] — E[X' (r,n,m,k) X (s —1,n,m,k)] =

b e f0 e e

x [y (F () = hey (FOOI* ™ [F ()] dy dx

The constant of integration vanishes since the integral in 1(x) is definite integral. On using relation (1.7), we obtain
ELX' (r,n,m,k) X (s,n,m, k)] = E[X'(r,n,m, k) X I (s —1,n,m,k)] =
o {ﬁ B i S oym r-1
X FQO)I™ f(x F(x
=TT [ Xy R o™ 00 95 (F ()
x [N (F (¥) = iy (FOOIT IR (9))7* 7 £ (y) dy dx

~ott-a)f] [y TF O™ £ 09195 (F (9 (F ()P (FOOF[F (1 £ (1) dyi|

E[X'(r,n,m,k) X I (s,n,m,k)] — E[X'(r,n,m,k) X (s —=1n,m,k)] =

— 1 e (en,mk) X350 m k)] - o(1- g ELXE(rnmk) X (s,nm,k)]}
7/5 U(Z - q)
and hence the Theorem

REMARK 3.1: Setting m=0,k =1 in the Theorem 3.1, we obtain the recurrence relations for the product moments
of order statistics of the q— exponential type-1 distribution in the form

DX kB ] = (DX v ) B L)

REMARK 3.2: Setting m=-1,k =1 in the Theorem 3.1, we get the recurrence relations for the product moments of
upper k — record of the q— exponential type-1 distribution in the form

E[X'uny X Jue T —E[X vy Xuey]k = W{E[X b X ue¥-vd-q) E[Xugr) X iu(s)]k}

4. CHARACTERIZATION
THEOREM 4.1: Let X be a non-negative random variable having absolutely continuous distribution F(x) with

F(@)=0 and O0<F(x)<1, forall x>0
E[X ) (r,n,m,k)] = E[X ' (r =1,n,m,K)]

i -1 jd-q) -
erE[XJ (r,n,m,k)]—m E[X!(r,n,m,k)] (4.1)
if and only if

2—q

FO)=R-Q-q) X))
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Proof: The necessary part follows immediately from equation (2.1). On the other hand if the recurrence relation in
equation (4.1) is satisfied, then on using equation (1.3), we have

Coy (P iz, ot . (r=0C, 4 (B _i=, ' -
—(r_i)!JOX’[F(X)] f(X)gml(F(X))dX=yr(r—_l)!ljoxJ[F(x)] f(x) g2 (F(x))dx

+ 1Cia J'ﬂ
7ev(2-q)(r-D
__iCuta_p
7e (r=1H2-q) 0

iz r-1
XTIFOQl F(X) g (F(X)) dx
x! ['E(X)]yril FO) g (F(x) dx 4.2)

Integrating the first integral on the right hand side of equation (4.2), by parts, we get

Coa (PyiEm) F gl __1C i o0t
(r_l)!jox[Hx)] 090 (FO)d = - [P FO 00 g5 (F)dx

Cra (B irmynd .
e G B CERR GEOTE

JCra j

+ P METT (0 95 (F(0) dx
¥, 0(2-q) (r-1)! Im

0
N LT ol I N PO 1
7o (r=0'2-9) [y FIFOT £ g (F() o

which reduces to

ICry (A iz it Ery__ 1L a-a -
yr(r—l)!-[ox [F(X)] g9nm (F(x)){F(x) U(Z_q)f(x)+x(2_q)f(x)}dx 0. (4.3)

Now applying a generalization of the Muntz- Szasaz Theorem (Hawang and Lin, 1984) to equation (4.3), we get
f(0 __ -0
F() [R-0-q)vx]

which proves that
29
F(x) =[L--a)ox]*
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