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Abstract The transient scattered radiation due to interaction of a short laser pulse (of rectangular

shape) with a qubit is studied through the Haar wavelet window spectrum. Asymmetrical structure

in the spectrum is shown due to frequency miss-match of the laser and qubit frequencies and the

shift window parameter.
ª 2012 University of Bahrain. Production and hosting by Elsevier B.V. All rights reserved.
1. Introduction

Analyzing the scattered radiation due to the interaction of a
single qubit (taken as spin-1

2
or 2-level atom system) with a

short laser pulse is one of the many basic studies in signal

information processing. Within a quantum framework the
(transient) scattered radiation, known as fluorescent spectrum,
is quantified as the Fourier transform (FT) of the auto-

correlation function of the induced atomic dipoles (Mollow,
1969; Eberly and Wodkiewicz, 1977; Eberly, 1984). Transient
florescent spectra of 2-level atomic systems (qubits) driven by
different shapes of laser pulses (e.g., rectangular, triangular,

etc. Newbold and Saloma, 1980; Rzazewski and Florjanczyk,
1984; Florjanczyk et al., 1985; Haus et al., 1984; Rodgers and
Swain, 1991; Joshi and Hassan, 2002; Hassan et al., 2008,

2010) have been studied in detail.
In the usual Fourier analysis, a signal is represented as sum

of sinusoidal functions of various frequencies. This is suitable

for signals that change very slowly with time or for very noisy
signals that change regularly with time (David, 2000; Addison,
ersity of Bahrain.
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2004). For non-stationary signals and signals with sudden
change, Fourier analysis averaging over the entire length of

the signal and hence the fixed time-width windowed FT has its
limitation, as some ‘‘fine’’ detail is lost. Such ‘‘fine detail’’ or
time localization analysis of different frequency components
of a given signal is called wavelet transform (Croca, 2003). With

windowed wavelet transform, the time width is adjusted to the
frequency in such a way that high frequency wavelets will be
narrow and vice-versa (Feruandez and Rojas, 2002). For

resonant rectangular pulsed-driven qubit models, wavelet
transform of the scattered radiation has been examinedwith dif-
ferent window functions: Morlet’s and Mexican hat wavelets

(Mohamed et al., 2007) and Haar wavelet (Hassan et al., 2011).
In the present work, we examine the transient fluorescent

Haar wavelet spectrum of a single qubit excited by a non-

resonant rectangular laser pulse and compare the results with
the corresponding ones for the resonant case (Hassan et al.,
2011). The paper is presented as follows in Section 2, we pres-
ent the essential analytical formulas for the Haar wavelet spec-

trum, followed by discussion of computational plots in Section
3. A summary is given in Section 4.

2. Haar wavelet transient spectrum

For a single qubit excited by a short laser pulse, the general

form of the transient scattered radiation is given by (Eberly
and Wodkiewicz, 1977; Rodgers and Swain, 1991).
ier B.V. All rights reserved.
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Figure 1a Transient Haar wavelet normalized spectrum I(s,D) verses the filter’s detuning parameter D for X0 = 0.05, s = 2p/5, k = 0

and various values of atomic detuning D = 0,0.2,2.

Figure 1b As Fig. 1a but for k = 110.

Figure 1c As Fig. 1a but for k = 4, s = 4p.
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Sðt;xf;CÞ ¼ 2C
Z t

�1
dt1

Z t

�1
dt2Hðt� t1ÞH�ðt� t2Þ

� h bSþðt1Þ bS�ðt2Þi ð1Þ

Where bSþðt1Þ bS�ðt2Þ is the quantum average of the atomic di-
pole–dipole spin auto-correlation function with bS� are the
atomic spin-up (down) operators and H(t) is the (filter)
window function of the radiation detector. For the case of nar-
row Lorentzian filter, it has the form

HFðtÞ ¼ eixfte�Cjtj ð2Þ

Where xf and C are the central frequency and width of the
filter, respectively. With the narrow window function (2) the



Figure 2a As Fig. 1a but for X0 = 0.1, s = 2p.

Figure 2b As Fig. 1a but for X0 = 0.1, s = 2p, k = 50.

Figure 3a As Fig. 1a but for X0 = 5, s = p/25, k = 0, D = 0,2.
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filter ‘‘sees’’ the detected field in the Fourier domain (Eberly,
1984). The investigation of the current model for the transient

FT spectrum (i.e., (1) with (2)) is given in (Rodgers and Swain,
1991; Joshi and Hassan, 2002). Now, in the present case, the
Haar wavelet window function Hh(t) is given by (Rodgers

and Swain, 1991, references therein),

Hhðt� t1Þ ¼ Wðt� t1Þeðixf�CÞðt�t1Þ ð3Þ

Where the W(t) is the mother wavelet function,
Wðt� t1Þ ¼ 2
j
2

�1; a 6 t1 < b

1; b 6 t2 < c

0; otherwise

8><>: ð4aÞ

Where a< b< c, are given by,

a ¼ t� ð1þ kÞð2Þ�j

b ¼ t� 1

2
þ k

� �
ð2Þ�j

c ¼ t� ðkÞð2Þ�j
ð4bÞ



Figure 3b As Fig. 3a but at fixed D = 1 (k P 0 gives the same figure).
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With j and k are the dilation and shift parameters respectively.
The filler’s frequency (xf) and width (C) parameters have been
introduced via the exponential factor in (3). For a short laser
pulse the interaction with the qubit takes place in the absence

of any damping process. In the case of a rectangular laser
pulse, the expression for the dipole auto-correlation function
for initially ground state atom is given by (Hassan et al., 2008),

h bSþðt1Þ bS�ðt2Þi ¼ eixaðt�t1Þ C�ðt1ÞC��ðt1Þ þ
1

4
Czðt1ÞC�zðt2Þ

� �
ð5Þ

With the C-number functions C�,z(t) are given by

C�ðtÞ ¼
1

2

Xo

X1

� �2

ð1� cosX1tÞ

CzðtÞ ¼
DXo

X2
1

ð1� cosX1tÞ � i
Xo

X1

sinX1t ð6Þ

Where X1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
X2

o þ D2
q

, Xo is the (real) Rabi frequency associ-

ated with the laser pulse and D = (xa � xL) is the frequency
detuning between the atomic transition frequency (xa) and
the circular frequency (xL) of the laser pulse.

Inserting the expression (2–6) into the formula (1), we have
the Haar wavelet transient spectrum at the end of pulse dura-
tion, t = T in the form,

SðT;D;CÞ ¼ C
2
e�2CTðjJ1ðTÞj2 þ jJ2ðTÞj2Þ ð7Þ

J1ðTÞ ¼ � ð2Þ
j
2

Z b

a

�
Z c

b

� �
eðCþiDÞt

0
C�ðt0Þdt0
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j
2ð1� 2e�2
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Cþ iD

"

þ � 1
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With D= xL � xf is the filter’s detuning parameter. Note
that, the parameter (2�jk) can be considered as an effective

shift parameter. At exact resonance D = 0 the expressions
(8) reduce to those in (Hassan et al., 2011).
3. Discussion of results

Here, we present the plotting of the normalized spectrum

I(T,D) = S(T,D)/Smax(T,D) in Figs. (1–3) after normalizing
the parameters Xo,D, by (C). We use the same data in (Hassan
et al., 2011) in order to see the effect of the atomic detuning on

the structure of the spectrum.
For weak pulse strength Xo = 0.05 and s = T � 2�jk =

2p/5,k= 0 the single narrowed Lorentzian at D= 0 (Hassan

et al., 2011) turns to asymmetrical splitting for small atomic
detuning, D = 0.2 (Fig. 1a), with asymmetry reversed for
D = �0.2. For larger D = 2 the spectrum turns to two sepa-

rate peaks (almost symmetrical) at D =± 2. For a larger shift
parameter k= 110 where the dip structure at D= 0 (Hassan
et al., 2011) shows reversed asymmetry compared with
Fig. 1b and turns to separate peaks for increasing D

(Fig. 1c). For larger s = 4p,k= 4 (Fig. 1c), the asymmetry
of splitted peaks with small D = 0.2 is reduced compared with
Fig. 1a.

For relatively larger Xo = 0.1, s = 2p, the ‘pencil’ shaped
Lorentzian at resonance D = D= 0 (Hassan et al., 2011) for
k= 0 splits to 3-unequal peaks with small D = 0.2 (Fig. 2a).

With larger k = 50, the same splitting feature occurs for the
‘‘top’’ 3-peak structure for D = 0 (Hassan et al., 2011) –
(Fig. 2b).

For strong pulse strength Xo = 5, s = p/4, k = 0 the sym-

metrical 3-peak Mollow structure gets asymmetrical for D „ 0
(Fig. 3a). At fixed D = 1, the asymmetrical 3-peak structure
is unaffected by the shift parameter k (Fig. 3b), unlike the

weak pulse case.

4. Summary

For rectangular pulsed-driven qubit, initially in its ground
state the Haar wavelet spectrum is symmetric at exact atomic

resonance D = 0, for arbitrary values of pulse strength (Xo)
shift parameter (k), and the effective time parameter (s)
(Hassan et al., 2011). The effect of non-zero atomic detuning

(D „ 0) is as follows:

1. For a weak pulse and k= 0, asymmetry is more pro-
nounced for small ŒDŒ < 1 and it is reversed with larger

shift parameter (k). For larger ŒDŒ = 2 aibitrary k,s the
spectrum splits into two symmetrical peaks at ŒDŒ = 2.

2. For a strong pulse, asymmetry shows in the two-side bands

of the Mollow spectrum for D „ 0 and k P 0.
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Finally we add that, for other initial atomic state prepara-

tion (e.g., coherent state) the Fourier spectrum at EXACT
atomic resonance shows pronounced asymmetry on its profile
due to the Rabi oscillations and their interference, which is

caused by the initial coherent dispersion of the atomic polari-
zation . Due to the lengthy analytical expressions for an initial
atomic coherent state with non-zero atomic detuning, the re-
sults will be analysed with computational display in a separate

presentation.
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